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Chapter 1

The Foundations: Logic and
Proofs

Logic in Computer Science

During the past fifty years there has been extensive, continuous,
and growing interaction between logic and computer science. In
many respects, logic provides computer science with both a u-
nifying foundational framework and a tool for modeling compu-
tational systems. In fact, logic has been called the calculus of
computer science. The argument is that logic plays a fundamen-
tal role in computer science, similar to that played by calculus
in the physical sciences and traditional engineering disciplines.
Indeed, logic plays an important role in areas of computer sci-
ence as disparate as machine architecture, computer-aided de-
sign, programming languages, databases, artificial intelligence,
algorithms, and computability and complexity. Moshe Vardi



e The origins of logic can be dated back to Aristotle’s time.
e The birth of mathematical logic:

— Leibnitz’s idea

— Russell paradox

— Hilbert’s plan

— Three schools of modern logic:
logicism (Frege, Russell, Whitehead)
formalism (Hilbert)

intuitionism (Brouwer)

e One of the central problem for logicians is that: “why is
this proof correct/incorrect?”

e Boolean algebra owes to George Boole.

e Now, we are interested in: “is the program correct?”



1.1 Propositional Logic — An Appetizer

Definition 1.1.1 (Proposition). A proposition is a declarative
sentence that is either true or false, but not both.

Definition 1.1.2 (Propositional Logic). Fiz a countable propo-
sition set AP. Syntax of propositional formulas in BNF (Backus-
Naur form) is given by:

pu=peAP | —-p| oAy
Accordingly,

e Atomic proposition p € AP is a formula.

o Compound formulas: —¢ (negation) and ¢ N\ (conjunc-
tion), provided that @ and ¥ are formulas.



For p € AP, negation and conjunction, we can construct the
truth tables. We define the following derived operators:

e Disjunction: ¢ V¢ := =(=p A =)

e Implication: ¢ — ¥ := —p V1)

e Bi-implication: ¢ <> ¢ := (¢ = V) A (Y = @)
e Exclusive Or: o @ ¢ := (¢ V) A (=(p A1)

Definition 1.1.3 (Precedence of Logical Operators). Operators
-, \,V, —, > have precedence 1,2,3,4,5, respectively.



Definition 1.1.4 (Logic and Bit Operators).

e A bit is a symbol with possible values 0 and 1. A Boolean
variable is a variable with value true or false.

e Computer bit operations correspond to logic connectives:
OR, AND, XOR in various programming languages corre-
spond to V, A\, @, respectively.

e A bit string is a sequence of zero or more bits. The length
of this string is the number of bits in the string.

e Bitwise OR, bitwise AND and bitwise XOR of two strings
of the same length are the strings that have as their bits the
OR, AND and XOR of the corresponding bits in the two
strings, respectively.



1.2 Applications of Propositional Logic

Definition 1.2.1 (Applications).

o System Specifications: The automated reply cannot be sent
when the file system is full.

e Boolean Searches: (one | two) - (three)

o Logic Puzzles. Knights always tell the truth, and the op-
posite knaves always lie. A says: "B is a knight”. B says
"The two of us are opposite types”

Definition 1.2.2 (Logic Circuit).

e Propositional logic can be applied to the design of computer
hardware. Claude Shannon

e A logic circuit receives input signals pi, pa,...,p, and pro-
duces an output s. Complicated digital circuits are con-
structed from three basic circuits, called gates.

p P P pvd p——» pArg
4>|>o—p \ ,

Inverter OR gate AND gate

e Build a digital circuit producing (pV —r) A (—=pV (g V —r)).
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1.3 Propositional Equivalences

A formula ¢ is called a

e tautology if it is always true, no matter what the truth
values of the propositional variables are;

e contradiction if it is always false;
e contingency if it is neither a tautology nor a contradiction.

Moreover, ¢ is satisfiable if it is either a tautology or a contin-
gency, unsatisfiable if it is a contradiction.

Formulas ¢ and ¢ are called logically equivalent if ¢ <> 1 is
a tautology. This is denoted by ¢ = .

Definition 1.3.1 (Logical Equivalence). Show the following log-
ical equivalences:

1. Identity laws:
oANT=¢p, pVF =0

2. Domanations laws
eVT=T, pAF=F



10.

Idempotent laws

PVO=p, NP =

. Double negation law

—(mp) =
Commutative laws
PVO=YPNV o, p ANV =0 Ap

Associative laws

(P1Vp2) Vs = o1V (paVps), (1 Aw2) Aps = o1 A (paAp3)

Distributive laws

p1V (P2 Aps) = (01 V @2) A1V ps),

P1 A (P2 Vp3) = (01 A p2) V (01 A ps)

De Morgan’s laws

(e AY) =2V, (e V) = —p A
Absorption laws

pV(pAY) =0, oA (Vi) =
Negation laws

oVp=T, opAN-p=F



Definition 1.3.2 (Logical Equivalence). Logical equivalences
involving conditional statements:

Lo=9v=-9VY

2.0 > Y=Y — —p
S oV =9 =1

4 o AN ==(p = )
5. p N—p = =(p — 1))
6
7.
8
9

(o1 = @2) A1 = p3) = o1 = (P2 A ps)

1 — ©3 2 — P3 (p1 V) = @3

) A )
(¢ ) A (g )

(o1 = 2) V(o1 = p3) = 1 = (02 V p3)
( )V ( )

Y1 — Y3 Y2 — Y3 (1 A p2) = 3
10. ¢ <> Y = —p > )
11 oY= (e AY)V (mp A )

12. 2(p < Y) = p &

10



1.4 Induction and Recursion

PRINCIPLE OF MATHEMATICAL INDUCTION To prove that
P(n) is true for all positive integers n, where P(n) is a proposi-
tional function, we complete two steps:

e BASIS STEP: We verify that P(1) is true.

e INDUCTIVE STEP: We show that the conditional state-
ment P(k) — P(k + 1) is true for all positive integers k.

Expressed as a rule of inference for first-order logic, this proof
technique can be stated as:

O := (P(1) AVk.(P(k) — P(k+1))) = Vn.P(n)

Exercise 1.4.1. Prove 1 + 24+ 22+ ... 420 =2ntl _ 1,

11



STRONG INDUCTION (Second principle of mathematical induc-
tion) To prove that P(n) is true for all positive integers n,
where P(n) is a propositional function, we complete two steps:

e BASIS STEP: We verify that the proposition P(1) is true.

e INDUCTIVE STEP: We show that the conditional state-
ment (P(1) AP(2) A... AN P(k)) — P(k+1) is true for all
positive integers k.

Expressed as a rule of inference for first-order logic, this proof
technique can be stated as:

U= (P(1) AVE. (AN P(i) = P(k +1))) = Vn.P(n)

Exercise 1.4.2. Prove that if n is a natural number greater than
1, then n can be written as the product of primes.

12



Recursively Defined Sets and Structures and Structural
Induction

Definition 1.4.3 (Strings). The set X* of strings over the al-
phabet 3 1s defined recursively by

e BASIS STEP: A\ € X* (where X\ is the empty string con-
taining no symbols).

e RECURSIVE STEP: If w € X" and x € X, then wx € X*.

Definition 1.4.4. We define the set of well-formed formulas
in propositional logic, denoted by L, from alphabet ¥ := AP U

{_" - (a )}
e BASIS STEP: each p € AP is a well-formed formula.

e RECURSIVE STEP: If ¢ and v are well-formed formu-

las, i.e., v, € L, then (—p), (¢ — ) are well-formed
formulas.

Thus, the set of well-formed formulas is a subset of L C Y.

13



STRUCTURAL INDUCTION A proof by structural in-
duction consists of two parts.

e BASIS STEP: Show that the result holds for all elements
specified in the basis step.

e RECURSIVE STEP: Show that if the statement is true for
each of the elements used to construct new elements in the
recursive step of the definition, the result holds for these
new elements.

Remark: The validity of structural induction follows from the
principle of mathematical induction for the nonnegative integers.

Exercise 1.4.5. Show that every well-formed formula for com-
pound propositions contains an equal number of left and right
parentheses.
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1.5 Normal Forms

Negation Normal Form
e Literal: An atomic proposition p or its negation —p;

e Negation Normal Form (NNF): A formula built up
with “A”, “V”, and literals.

e Using repeated DeMorgan and Double Negation, we can
transform any formula into a formula with Negation Normal
Form.

e Example:

—((AV B)A—=C) <« (DeMorgan)
—-(AV B)V -=C < (Double Neg, DeMorgan)
(mAN-B)VC

Disjunction Normal Form

e Disjunction Normal Form (DNF): A generalized dis-
junction of generalized conjunctions of literals.

e Using repeated distribution of A over V, any NNF formula
can be rewritten in DNF' (exercise).

e Example:

(AVB)A(CV D) + (Distribution)
[(AVB)ANC]V[(AV B)AD| < (Distribution)
(ANC)V(BANC)V(AAND)V (BAD)

15



Conjunction Normal Form

e Conjunction Normal Form (CNF): A generalized con-
junction of generalized disjunctions of literals.

e Using repeated distribution of V over A, any NNF formula
can be rewritten in CNF (exercise).

e Example:
(AANB)V (CAD,) < (Distribution)

[(AANB)VC]A[(AANB)V D] < (Distribution)
(AVCYAN(BVC)AN(AV D)AN(BV D)

Truth table
Unary Connectives

* What other unary connectives are there besides
?

* Thinking about this in terms of truth tables, we see
that there are 4 different unary connectives:

P || *p P || *p Pl *p P | *p
T T T T T F T F
FoT F Il F FIl T FIl F

16



Binary Connectives

* The truth table below shows that there are
24 =16 binary connectives:

P Q P*Q
In general:
T T T/F n sentences =
T F T/F 2" truth value combinations
(i.e. 2" rows in truth table) =
FoT T/F
F F T/F
2 2ﬂdifferen'c n-ary connectives!

Expressive completeness
e What are the truth tables for (p Ag) Vrand pA (qgVr)?
e Truth table for n-ary Boolean function.

e A set of logical connectives is called functionally com-
plete if any n-ary Boolean function is definable with it,

e.g. {—,A}, {—,V}.
e How about {—, —}7

Exercise. Exercise 49 of page 16, Exercise 15 of page 23,
Exercise 39 of page 35, Exercise 45 of page 36.

17



1.6 Propositional Logic and Deduction Sys-
tems: a Sound and Complete Axiomati-
zation

This section considers a complete axiomatization system such
that, a formula is a tautology if and only if it can be derived by
means of the axioms and the deduction rules of the system.

1.6.1 Syntax and Semantics of Propositional Logic

Fix a countable proposition set AP, then formulas of proposi-
tional logic are defined by:

Definition 1.6.1 (Syntax). Syntax of propositional formulas in
BNF (Backus-Naur form) is given by:

pu=pEAP|~p|p—p

It generates recursively the set of well-formed formulas, de-
noted by L:

e Atomic formula: p € AP implies p € L.

e Compound formulas: (=) and (¢ — 1), provided that
0, € L.

18



We omit parentheses if it is clear from the context.

Semantics of a formula ¢ is given w.r.t. an assignment o €
24P which is a subset of AP. Intuitively, it assigns true (or,
T) to propositions belonging to it, and assigns false (or, F) to
others. Thus, it can also be viewed as a function from AP to
{T,F}.

Definition 1.6.2 (Semantics). Inductively, we may define the
relation |F C 247 x L as follows:

eolFpiffpeo.
e 0l =y iff not o Ik ¢ (denoted by o Iff ).
e 0l — Y iff either o Iff © or ol 1.

where (o,¢) € IF is denoted as o I .

The formula ¢ is called a tautology if o IF ¢ for all assignment,
it is satisfiable if o IF ¢ for some assignment.

1.6.2 The Axiom System: the Hilbert’s System
Definition 1.6.3 (Axioms). 1. ¢ — (¥ — @).

2. (p = (¥ —=n) = (¢ = ¥) = (= n)).

19



8. (= = =) — (P — ).

=Y P

Definition 1.6.4 (MP Rule). 1. ;

Given a formula set I', a deductive sequence of ¢ from I' is a
sequence

$o,P1y---yPn =P

where each ¢; should be one of the following cases:
1. p; € I
2. ; is an instance of some axiom.

3. There exists some j, k < 4, such that ¢ = ¢; — ¢;.

And, we denote by I' - ¢ if there exists such deductive sequence.
We write I', ¢ = ¢ for I'U {4} - ¢.

20



1.6.3 The Axiom System: Soundness

For a formula set I and an assignment o, the satisfaction relation
Il is defined by: o IFT"iff o I ¢ for every p € T

Observe o IF () always holds. We say ¢ is a logical consequent
of I, denoted as I' = ¢, if ¢ I ' implies ¢ I ¢ for each
assignment o.

Thus, ¢ is a tautology if ¢ is the logical consequent of 0,
denoted as = ¢.

Theorem 1.6.5 (Soundness). With Hilbert’s axiom system, we
have that T' = ¢ implies T |= .

Proof. By induction of the length of deductive sequence of I' -
©. [

Corollary 1.6.6. If ¢, then = ¢.

1.6.4 The Axiom System: Completeness

With Hilbert’s axiom system, we have the following elementary
properties:

(Fin) If I' - ¢, then there exists some finite subset I of I', such
that T F .

(€) If p €T, then I' - .
(€4) fTFpand ' C T then I F .
(MP) If T Fpand I's F o — ¢, and I'1,I'y C T, then ' - 1.

21



1.6.5 The Axiom System: Examples of Theorems
Example 1.6.7. (Ide): - ¢ — ¢
Solution. 1. ¢ — (¢ — )
2.0 ((p = ¢) = ¢)
3. (p= (v =9) =) = (lp=(p=¢) = (p—=9)
4 (= (@=9) = (=9
5. p = @
Example 1.6.8. (—_): IfT'F @ — 1 then T', o 1.
Solution. A simple application of MP and (€).
Example 1.6.9. (—,): IfT, o then T F ¢ — 1.
Solution. By induction of the deductive sequence of I', p - ).

Example 1.6.10. (7): IfT'F ¢ — ¢ and I' = ¢ — 1, then
I'-¢p—n.

Solution. By (—_), (—4) and (e4).
Example 1.6.11. (Abs): F —=p — (p — ).
Solution. 1. F —p — (=) — =)

2. F (= = =) = (¢ = )

3. —p = (p— )
Example 1.6.12. (Abs’): F p — (mp — 1)
Example 1.6.13. (—,): ~¢ — ¢ F ¢
Solution. 1. ~¢ = pF —p = ¢

22



2. F ¢ = (p = (—p = @)

3.F (mp = (¢ = =(=p = ¢) = (e = ) = (¢ —
(= = ¥)))

4. —p = p F = = (- = @)
5. F (mp = =(mp = @) = ((me = @) = @)
6. o=k (~p—p) =

-

L =k
Example 1.6.14. (—=—_): =—pF ¢
Solution. 1. F == — (= — @)
2.F (=) =y
3. F—p =
4. =—p
Example 1.6.15. (=) ¢ — —p F -
Solution. 1. =—pF @
2.9 2 9o =g
3.9 =,
4. ¢ = = F ==p = —p
5. F (m=p = —p) = g
6. ¢ = ke
Example 1.6.16. (——, ): o F ——p

23



Solution. 1. F ¢ = (mp — =)
2. F (= =) = g
3. Fp— g
4. p k-
Example 1.6.17. (R0O) ¢ > ¢ F = — —¢
(R1) p > v EY — —p
(R3) o= 1 = o
Solution. 1. ¢ — ¢, = —pF @
2. 0 =Y,
3. FY—
4. F (= = ) = (— — —p)
5. o = Y F Y — —p

Definition 1.6.18 (Consistency). We say a formula set T is
consistent, iff there is some ¢ such that I' t/ ¢. Moreover, we
say ¢ 1s consistent w.r.t. T' iff T U {p} is consistent.

Note that we have the theorem —¢, ¢ = 9 and hence, I' is

24



consistent iff for each ¢, either I' /. ¢ or I' I/ —¢.

Further, ¢ is consistent w.r.t. [' iff I' i/ —¢. Suppose that
I' ¥ = and T' U {¢} is inconsistent, then we have I',p F —p
hence I' - ¢ — —p. Recall that we have ¢ — —¢ = =, and
this implies I' - =, contradiction!

Lemma 1.6.19. If the formula set T' is inconsistent, then it has
some finite inconsistent subset A.

Theorem 1.6.20. I is consistent iff I' is satisfiable.

Proof sketch. The “if” direction is easy: suppose that o I I" but
' and I' F —y, then o I+ ¢ and o I+ =, contradiction.
For the “only if” direction, let us enumerate all propositional

formulas as following (note the cardinality of all such formulas
is No)i

Y0, P15 Py -
Let 'y =1 and
- hiu{e D e
o [, U{—p;} otherwise

and finally let I'* = lim T';.
1—00
The formula set I'* has the following properties:

1. Each I'; is consistent, and I'* is also consistent.

2. I'" is a maximal set, i.e., for each formula ¢, either p € I'*
or ~p €I,

3. For each formula ¢, we have I'* |= ¢ iff p € T™.

Then we have o IF I'*, where 0 =T N AP. ]

25



Theorem 1.6.21 (Completeness). If ' = ¢, then I' - .

Proof. Assume by contradiction that I'" t/ ¢, then there is an
assignment o such that o IF ' U {—¢}. However, this implies
that o IF I and o I ¢, which violates the assumption I' = . [

Corollary 1.6.22. = ¢ implies that - ¢.

The Axiom System: Compactness

Theorem 1.6.23. Given a formula set I", we have
1. T" is consistent iff each of its finite subsets is consistent,
2. T 1s satisfiable iff each of its finite subsets is satisfiable.

Proof. 1. The first property has been proven (see the previous
lemma).

2. With the aforementioned theorem: for propositional logic,
a set is satisfiable iff it is consistent.
]

Rules of Inference for Propositional Logic (cf. page 72):

26



Rule of Inference

Tautology

Name

(pAlp—q))—q

Modus ponens

-g
P—>dq
. ap

(—g A (p—>gq))——p

Modus tollens

pP—rq
g—r

p—r

(p—=>g)nilg—r))—(p—>r)

Hypothetical syllogism

Pvg
-P

((pvg)rn—p)—gq

Disjunctive syllogism

L PpvVg

p—(pVvg)

Addition

pAg

(pAg)—>p

Simplification

L PpAg

((p) Alg))— (pAgq)

Conjunction

Pvg
—pNvr

LgNvT

((pvg)n(—pvr))—(gvr)

Resolution

27




Exercise 1.6.24. Show, by applying the rules of the deduction
system presented in Section 1.6, the following statements:

LF(e—=v) = ((he =) = (¥ = )

2F (o=@ —=mn) = (g—=>9)—= (=& —=n) =
(o —mn))

= (=) = (=)
Fe= W= (p—=9))
A=Y~ —=n) = —ptFp—n
o= W)Y = (o =)
Flle=9)—=0) =0
FEale =) o (W= o)

S T B S N S N

Exercise 1.6.25. Find a deduction showing the correctness of
some of the following equivalences, that 1s, if ¢ = 1, then pro-
wvide a deduction for = @ — 1 and for ¢ — .

1L oV(pAY) =g,
2. (o1 = @2) V(o1 = p3) = o1 = (p2 V p3).
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Exercise 1.6.26 (* not required). Fill the missing parts of
the proofs of the soundness and completeness theorems in Sec-
tion 1.6.
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Chapter 2

Basic Structures: Sets,
Functions, Sequences, Sums,
and Matrices

2.1 Sets and Functions

Definition 2.1.1.

o Fix an unwversal set U. Set operations: union U, intersec-
tion N, complement A.

o Set inclusion: A C B iff for all a € A it holds a € B.
A=Biff AC B and B C A.

e Gien a set S, the power set of S is the set of all subsets
of the set S. The power set is denoted by P(S), or 2°.

e The Cartesian product of sets A1, Ao, ..., A, is defined by:
Ay x - x Ay i={(ay,...,a,) |a; € A; fori=1,... ,n}.

e The cardinality of finite set A, denoted by |A|, is the num-
ber of its elements. The principle of inclusion-exclusion:

|AUB| = |A|+|B|—|AN B|

30



TABLE 1 Set Identities.

Identity Name

ANU=A Identity laws
AUfi=A

AUuU=U Domination laws
ANG =40

AUA=A Idempotent laws
ANA=A

(fT] =A Complementation law
AUB=BUA Commutative laws
ANB=BNA

AU(BUC)=(AUB)UC
AN(BNC)=(ANB)NC

Associative laws

AU(BNC)=(AUB)N(AUC)
AN(BUC)=(ANB)U(ANC)

Distributive laws

ANE
AUBE

| 3
|

U
M

De Morgan's laws

AUANB)=A
AN(AUB)=A

Absorption laws

— ol
AUA=U

ANA=10

Complement laws




Definition 2.1.2. Let A and B be nonempty sets. A function
f: A— B from A to B is an assignment of exactly one element
of B to each element of A. We write f(a) = b if b € B s
assigned by f to the element a € A. We say that

e A is the domain of f,
e B is the codomain of f.

e If f(a) = b, we say that b is the image of a and a is a
preimage of b.

e The range, or image, of f is the set of all images of ele-
ments of A.

Given two sets A and B,
e a relation R between A and B is a subset of A x B.

e a function from A to B must be a relation, but the inverse
does not hold in general.

Definition 2.1.3. Let A and B be two sets. The function
f: A— B s called

e one-to-one, or an injunction, if and only if f(a) = f(b)
implies that a = b for all a and b in the domain of f.
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e onto, or a surjection, if and only if for every element b € B
there is an element a € A with f(a) =b.

e one-to-one correspondence, or a bijection, if it 1s both one-
to-one and onto.

Definition 2.1.4. Let A, B, and C be three sets.

o Let f: A — B be bijective. The inverse function of f,
denoted by f~', is the function that assigns to an element
b € B the unique element a € A such that f(a) = 0.

o et g: A— B and let f: B — C'. The composition of the
functions f and g, denoted f o g, is defined by

(fog)(a) = f(g(a))

Let A, B, and C be three sets.
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e Let R C A x B, then the inverse relation of R, denoted
by R71, is a subset of B x A such that (b,a) € R iff
(a,b) € R, which is a relation between B and A.

e Let Ri C: Ax B and Ry C B x (. The composition of the
relations R; and Ry, denoted Ry o R», is defined by

(Ry0 Rg) = {(a,c) | Fb.(a,b) € Ry A (b,c) € Ro}

Definition 2.1.5 (Some Notations). Let A and B be two sets.

e For a function f: A — B, and a set D C A, we use
flp: D — B to denote the function f with domain restrict-
ed to the set D.

e A partial function f from a set A to a set B is an assign-
ment to each element a € D C A, called the domain of
definition of f, of a unique element b € B. We say that f
is undefined for elements in A\ D. When D = A, we say
that f s a total function.

Definition 2.1.6. Consider the set U = 247 of all assignments.
The semantic bracket is a function [-]: PL — 2Y defined by:

o [pl={ceU|peda},
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o [-o] =[],
o [o— ] =[] U Yl

Is [ -] injective, surjective, or bijective?

Definition 2.1.7 (Currying). Let Ay, ..., A, and B be sets

e for any f € Ay X Ay x --- A, — B, there exists f' € Ay —
(Ay — --- (A, — B)--+), such that for any (ay,--- ,a,) €
Al X X An7 ’l;thllOU)S f(ala e 7an) = f/(a’l)(a’Q) T (an)

e Conversely, for any f' € Ay — (Ay — --- (A, = B)--+),
there exists f € Ay X Ay x --- A, — B, such that for any
(a1, ,a,) € Ay X -+ Ay, it follows f'(ar)(as)---(a,) =
f(ah e 7an)-
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2.2 Cardinality, Diagonalization Argument

Definition 2.2.1. Let A and B be two sets.

e The sets A and B have the same cardinality if and only if
there is a one-to-one correspondence from A to B. When
A and B have the same cardinality, we write |A| = |B].

e [f there is a one-to-one function from A to B, the cardinal-
ity of A 1s less than or the same as the cardinality of B and
we write |A| < |B|. Moreover, when |A| < |B| and A and
B have different cardinality, we say that the cardinality of
A is less than the cardinality of B and we write |A| < |B].

Definition 2.2.2. A set that is either finite or has the same
cardinality as the set of positive integers is called countable. A
set that is not countable is called uncountable. When an infinite
set S is countable, we denote the cardinality of S by Ry. We write
S| = Ny and say that S has cardinality aleph null.
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Theorem 2.2.3 (SCHRODER—BERNSTEIN THEOREM). If
A and B are sets with |A| < |B| and |B| < |A|, then |A| = |B].
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Lemma 2.2.4. Prove that
1. The union, intersection of countable sets is countable.
The set N? is countable.
The set 7. of integer numbers is countable.
The set Q of rational numbers is countable.
The set N¢ with ¢ € N 15 countable.

The countable union of countable sets is countable.

NS v e

The set N* is countable.

38



Lemma 2.2.5. Prove that
00, 1]] = (0, 1]] = [[0, 1)[ = [(0, 1)].
(0, 1] = [[1, o0)].

~

2

3. 110, 1] = 1[0, K| = [[0, 00)| = [R].
4- 10,13 = [[0, 1]}.

5. 128 = {0, 1}+].

6. 12 =[{ f1f: N—={0,1} }].
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Lemma 2.2.6 (Cantor diagonalization argument).
e The set R of real numbers is uncountable.
o For a set A, it holds: |A| < |24].
Exercise
e Prove R is uncountable.

e Prove (o1 — 1) V (g2 = ¥2) F (o1 = ¥2) V (92 — 1).

e Prove (0 AY) = 6,0 — x, v A —x F —p.
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Chapter 3
First Order Logic (FOL)

3.1 Syntax of FOL

Propositional logic is a coarse language, which only concerns
about propositions and boolean connectives. Practically, this
logic is not powerful enough to describe important properties
we are interested in.

Example 3.1.1 (Syllogism of Aristotle). Consider the following
assertions:

1. All men are mortal.
2. Socrates is a man.
3. So Socrates would die.
Va(Man(z) — Mortal(z))

Definition 3.1.2. First order logic is an extension of proposi-
tion logic:

1. To accept parameters, it generalized propositions to predi-
cates.
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2. To designate elements in the domain, it is equipped with
functions and constants.

3. It also involves quantifiers to capture infinite conjunction
and disjunction.

Definition 3.1.3. We are given:
e an arbitrary set of variable symbols VS = {x,y,x1,...};

e an arbitrary set (maybe empty) of function symbols FS =
{f,q, f1,...}, where each symbol has an arity;

e an arbitrary set (maybe empty) of predicate symbols PS =
{P,Q, Py, ...}, where each symbol has an arity;

e an equality symbol set ES which s either empty or one
element set containing {~}.

Let L = VS UA{(,),—,~,V} UFSUPSUES. Here VS U
{(,),—,,V} are referred to as logical symbols, and FS U PS U
ES are referred to as non-logical symbols.

We often make use of the

e set of constant symbols, denoted by CS = {a,b,ay,...} C
FS, which consist of function symbols with arity 0,

42



e set of propositional symbols, denoted by PS = {p,q,p1,...} C
FS, which consist of predicate symbols with arity 0.

Definition 3.1.4 (FOL terms). The terms of the first order
logic are constructed according to the following grammar:

to=x| fti...t,

where x € VS, and f € FS has arity n.

Accordingly, the set T of terms is the smallest set satisfying
the following conditions:

e cach variable x € VS is a term.

e Compound terms: fty...t, is a term (thus in T ), provided
that f is a n-arity function symbol, and tq,...,t, € T.
Particularly, a € CS is a term.

We often write f(t1,...,t,) for the compound terms.
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Definition 3.1.5 (FOL formulas). The well-formed formulas of
the first order logic are constructed according to the following
grammar:

pu=Pti.. .ty | mp o=@ |Vrp

where ti,...,t, are terms, P € PS has arity n, and x € VS.
We often write P(ty,...,t,) for clarity. Accordingly, the set
FOF of first order formulas is the smallest set satisfying:

e P(ty,...,t,) € FOF is a formula, referred to as the atomic
formula.

e Compound formulas: (—y) (negation), (¢ — ) (impli-
cation), and (Vxyp) (universal quantification) are formulas
(thus in FOF ), provided that p,v € FOF.

We omit parentheses if it is clear from the context.

As syntactic sugar, we can define Jrp as Jxp = =Vr—p.
We assume that ¥V and 3 have higher precedence than all logical
operators.
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Examples of first-order logics

1. Mathematical theories:
e Presburger Arithmetic (N,0,1,+,=, <).
e Peano Arithmetic (N,0,S5,+,-, =, <)
e Tarski Algebra (R,0,+,-,=,<)
e Group (e, +,=).
e Equivalence (R).
2. Example
e Write “every son of my father is my brother” in predi-

cate logic.

e Let me denote “me”, S(z,y) (x is a son of y), F(z;vy)
(« is the father of y), and B(z;y) (« is a brother of y)
be predicate symbols of arity 2. Consider

VaVy(F (z; me) A S(y; x) — B(y; me)).

e Alternatively, let f (f(z) is the father of z) be a unary
function symbol. Consider

Va(S(x; f(me)) — B(x; me)).
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e Translating an English sentence into predicate
logic can be tricky.

Definition 3.1.6 (Sub-formulas). For a formula ¢, we define
the sub-formula function Sf : FOF — 2FOF as follows:

Sf(P(tl,... W) =1{P(t1,... 1)}
Sf (=) = {—p} U Sf ()

Sf(e — ) = {o = v} U Sf(p) U Sf(¥)
Sf(Vxp) = {Vxp}t U Sf(p)
Sf(Fzp) = {3z} U Sf(p)

Definition 3.1.7 (Scope). The part of a logical expression to
which a quantifier is applied is called the scope of this quantifier.
Formally, each sub-formula of the form Qi € Sf(yp), the scope
of the corresponding quantifier Qx is ¥. Here Q € {V,3}.
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Substitution for Terms

Definition 3.1.8 (Sentence). We say an occurrence of x in ¢ is
free if it is not in scope of any quantifiers Vx (or 3z ). Otherwise,
we say that this occurrence is a bound occurrence. If a variable ¢
has no free variables, it is called a closed formula, or a sentence.

Definition 3.1.9 (Substitution). The substitution of x with t
within ¢, denoted as S}, is obtained from ¢ by replacing each
free occurrence of x with t.
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L1y.e03Lp

We would extend this notation to S, '} ".

Remark 3.1.10. [t is important to remark that ;"""\ ¢ is not
the same as S{'...S{"p: the former performs a simultancous
substitution.

For example, consider the formula P(z,y): the subsitution
Sy P(x,y) gives Sy YP(x,y) = P(y,x) while the substitutions
Sy SYP(x,y) give S;SYP(x,y) = Sy P(x,z) = P(y,y).

Remark 3.1.11. Consider p = Jy(x < y) in the number theory.
What is S{y for the special case of t =y?

Definition 3.1.12 (Substitutable on Terms). We say that t is
substitutable for x within ¢ iff for each variable y occurring in
t, there is no free occurrence of x in scope of Yy /Iy in v,
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Definition 3.1.13 (a-f condition). If the formula ¢ and the
variables x and y fulfill:

1. y has no free occurrence in p, and
2. y 1is substitutable for x within o,

then we say that ¢, x and y meet the - condition, denoted as

Clp,z,y).

Lemma 3.1.14. If C(p,x,y), then SISy p = .
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3.2 The Axiom System: the Hilbert’s System

As for propositional logic, also FOL can be axiomatized.
Definition 3.2.1 (Axioms). 1. ¢ — (¢ — o)
2. (o=@ —=mn) =y =19)=(0—=n)
3. (0 = ) = (¥ = )
4. Yo — ST
if t s substitutable for x within ¢
5. Vr(p — ) = (Vep — V)
6. ¢ = Vo
if © 1s not free in

7. Vxy... Vr,p

if ¢ is an instance of (one of) the above axioms

=P @

MP Rule:
(0
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Definition 3.2.2 (Syntactical Equivalence). We say ¢ and 1
are syntactically equivalent iff p =1 and ¥ F .

Theorem 3.2.3. (Gen): If x has no free occurrence in I', then
I'E @ implies T' = Vxp.

Solution. Suppose that ¢g, 1, ..., v, = ¢ is the deductive se-

quence of ¢ from I'.

e If ¢; is an instance of some axiom, then according to (A7),
Vxp; is also an axiom.

o If v, € I', since x is not free in I', we have - ¢; — Vzy;
according to (A6). Therefore, we have I' F Vxy; in this
case.

o If ¢, is obtained by applying (MP) to some ¢; and ¢;, =
¢; — ;. By induction, we have I'  Vzyp; and I"
Vz(p; — ¢;). With (A5) and (MP), we also have I' F Vzyp;

in this case.

Thus, we have I' = Vxp,, i.e., I' - Vxp.
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Exercise 3.2.4. Prove that
1. VaVyp F VYyVaxop,
2. dxVyp = Vydxp.

Exercise 3.2.5. Prove that
1. Vz(p = ) E V(= — —p),
2. Vx(p =) F drp — Jarp.
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Exercise 3.2.6. Prove that
1.IfTEp and T'F =), then T'F =(p — ),
2. Vx=(p — Y) F =(p — Jz).

Lemma 3.2.7. (Ren): If C(p,z,y), then Vxp and YyS;p are
syntactical equivalent. That 1s,

1. Vzp B VySje.
2. VySyp = Vap.
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Lemma 3.2.8. (RS): Let 1, denote the formula obtained by
replacing (some or all) ¢ inside n by .
If =9 and ¥ & @ then ntn7 and nf & n.

Solution. By induction on the structure of 7.

Lemma 3.2.9. If C(p,x,y) and T' 1), then T+ ¢§Z§w.

Solution. An immediate result of (Ren) and (RS).
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Theorem 3.2.10. (GenC) If I' F S¥¢ where a does not occur
in DU {p}, then I' - Vzxp.
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3.3 Semantics of FOL

To give semantics of terms/formulas of first order logic, we need
an appropriate structure in which interpret the functions and
predicates of FOL.

Definition 3.3.1. A Tarski structure is a pair & = (D,T),
where:

e D is a non-empty set, called the domain.
e For each n-ary function f, we have Z(f) € D" — D.
e For each n-ary predicate P, we have Z(P) € D" — {0,1}.

Thus, for each constant a, we have Z(a) € D.

Definition 3.3.2. Given a Tarski structure & = (D,I), an
assignment o under & is a mapping o: VS — D.
We use X # to denote the set consisting of assignments under

.
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Definition 3.3.3. Let .¢# = (D,Z) and 0 € ¥ 4.
Fach term t is interpreted to an element Z(t)(o) belonging
to D:

o [ft=x is a variable, then Z(t)(o) = o(x).

o Ift = f(t1,...,t,) where f is an m-ary function, then
S () (o) =Z()(SI(t)(0), ..., T (ta)(0)).
Thus, if t = a is a constant, then Z(t)(o) = Z(a).

Definition 3.3.4. Each formula ¢ has a truth value Z(p)(0) €
{0,1}:

o]fgp— (tl,...,t
I (p)(0) = Z(P)(

), where P is an n-ary predicate, then
(0

(t)(0), ... 7 (1)(0)).
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o If o=, then I (p)(0) =1—I(¢)(0).
o I[f o =1 —n, then

I ()o) = {1 J 2 W)(0) =0 or S (o) =1,
0 if Z()(o) =1 and Z(n)(c) = 0.
o If p=Vay, then

1 if Z(Y)(o[z/d]) =1 for each d € D,

I (p)(o) = {0 if Z(V)(olx/d]) =0 for some d € D

where olz/d] is a new assignment defined as

ol fdl(y) = {;(y) e

We write (,0) IF ¢ if Z(p)(o) =1.
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Theorem 3.3.5 (Theorem of Substitution). Suppose that t is
substitutable for x within o, then

(F,0)IF Sfe if and only if (S, olz/ I (t)(0)]) IF ¢.
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We say that . is a model of ¢, denoted as & I+ ¢, if (Z,0) IF
@ for each o € X 4.

In particular, we say that & = (D, Z) is a frugal model of ¢
if |D| is not more than the cardinality of the language.

Recall that ¢ is a sentence, if there is no free variable occur-
ring in .

Theorem 3.3.6. If p is a sentence, then
o ZI-yiff (F,0)lF ¢ for some o € Xy.

Definition 3.3.7. Let ¢,y be FOL formulas and I be a set of
FOL formulas. Then we define:

o (Z,0)IFT if foreachnel, (S, 0)lFn;

o' = ¢ if for each I and 0 € ¥4, (F,0) Ik T implies
(j70-) “_ (p;

e p and ¥ are equivalent if {p} =¥ and {Y} | p;
e ¢ is valid if ) = .
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Definition 3.3.8 (Tautology for FOL). For a formula ¢ € FOL,
we construct @' as follows:

e for each sub-formula v of ¢ which is either an atomic for-
mula, or a formula of the form VYxn, we replace it with a
corresponding propositional variable py.

If ©' is a tautology in propositional logic, then we say ¢ is a
tautology for FOL.

Definition 3.3.9 (Prenex Normal Form (PNF)). A formula is
in prenex normal form if and only if it is of the form Qrx1Qoxs . . . Qrrr P21, 29, . . .
where each Q;,1 = 1,2,... , k s either the existential quantifi-
er or the universal quantifier, and P(xy,...,xE) 1S a predicate
involving no quantifiers.
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Question: can we transform a formula into an equivalent P-
NF form?

3.4 A Sound and Complete Axiomatization
for FOL without Equality =~
3.4.1 The Axiom System: Soundness

Similarly to propositional logic, for FOL we have the soundness
property:

Theorem 3.4.1. [fT'F ¢, then T = ¢.

Hint. For proving the theorem, show and make use of the fol-
lowing results:

o {Va(p — ), Vap} | Vaih;
e if x is not free in p, then - p — Vxp. []

Corollary 3.4.2. IfF ¢, then = ¢.
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3.4.2 The Axiom System: Completeness

A Hintikka set I is a set of FOL formulas fulfilling the following
properties:

1. For each atomic formula ¢ (i.e, ¢ = P(t1,...,t,), where
n > 0), either p ¢ " or ~p ¢ T

N

© — 1 € I" implies that either =p € I or ¢ € T'.
—— € I' implies that p € I,
—(¢ — ¢) € I implies that ¢ € T" and - € T

ook W

Vze € I' implies that Sfp € I' for each ¢ which is substi-
tutable for z within .

6. =Vxp € I' implies that there is some t with C(p, x,t) such
that -S7p € I

Note: C(p,z,t) iff C(p,z,y) for all y occurring in t.

Lemma 3.4.3. A Hintikka set I" is consistent, and moreover,
for each formula ¢, either o & I', or —p & T".

Theorem 3.4.4. A Hintikka set I' is satisfiable, i.e, there is
some interpretation & and some o € ¥y such that (F,0) - ¢
for each ¢ € T'.
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Theorem 3.4.5. If I' is a set of FOL formulas, then ‘T is
consistent” implies that ‘T 1s satisfiable”.

Particularly, if I' consists only of sentences, then I' has a
frugal model.

Proof. Let us enumerate® the formulas as ¢g, ¢1, ..., @, . .., and

subsequently define a series of formula sets as follows. Let I'y =
I', and

Lin =< TiU{wi} if I'; I/ =i and @; # ~Vaip
L U{p;, nSEp}  if Ty 1 =gy, and ¢; = =V

Above, for each formula Vzi, we pick and fix the constant a
which does not occur in I'; U {¢;}.

'We assume the language to be countable, yet the result can be extended to languages
with arbitrary cardinality.
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Finally let I = lim I.
1— 00
If ' is consistent, the set I'* is maximal and consistent, and
is referred to as the Henkin set. Thus, a Henkin set is also a

Hintikka set. ]
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Theorem 3.4.6. IfT' = ¢, then T'F .
Corollary 3.4.7. If = ¢, then - ¢.

Theorem 3.4.8. T" is consistent iff each of its finite subset s

consistent. Moreover, I' is satisfiable iff each of its finite subsets
15 satisfiable.
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3.5 A Sound and Complete Axiomatization
for FOL with Equality ~

The axiomatization based on the Hilbert’s systems seen in the
previous section can be extended to the case of first order logic
with the equality ~. To do this, two additional axioms have to
be included in the Hilbert’s system:

Av: v = x;

~

AL: (z = y) — (@ — «j), where a is an atomic formula.

The soundness and completeness results can be proved sim-
ilarly in the extended Hilbert’s system; note that for the com-
pleteness one, a variation of the Tarski structure is required,
namely, the domain considered in the construction modulo the
relation ~. This allows us so manage correctly the formulas that
are equivalent under ~.

The actual details about the above construction are omitted;
the interested reader is invited to formalize them.
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3.6 Exercises

Let A be a finite alphabet, such as the English alphabet, and
consider the following simple programming language WHILE
whose well-formed programs are those obtained by applying the
rules of the following grammar:

Numbers:
Num ::=d | dNum where d € {0,1,...,9}
Identifiers:

Id = ald’ where a € A

Id" = X\ ald" | NumlId'
Numeric expressions:

Exp ::= Num | Id
| Exp + Exp | Fxp — Exp | Fxp x Exp | Exp/FExp

Boolean expressions:

BFEzp = true | false | Exp = Exp
| “BExp | BExp A\ BEzp | BExp V BExp

Programs:

P ::=skip | Id := Fxp | P; P
| if BExp then P else P fi
| while BEzp do P done
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Exercise 3.6.1. Show, by providing the appropriate functions,
that the set of identifiers has the same cardinality as N.

Exercise 3.6.2. Show that the set of all well-formed WHILE
programs s countable.

Exercise 3.6.3. Show the following statements:

1. If A is an uncountable set and B is a countable set, then
[ A\ B[ = |Al.

2. Let 1 be the set of irrational numbers, i.e., | = { r € R |
r & Q}. Then {0,117\ {0,1}70%] = [LN [0, 1].

3. {0, 13| = 1[0, 1]].
4. 1[0,1]| =1[0,1] x [0, 1]| = |[0, 1]"| for each n > 1.
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Hint. For point 3, make use of points 1 and 2; for point 4, make
use of point 3.

Exercise 3.6.4. Consider the semantic bracket operator pre-
sented in Definition 2.1.6 of the lecture notes. Show that =
o =¥ iff o] € [¢¥].

Exercise 3.6.5. Let Q, C FOL be the set of FOL formulas

@ such that each quantifier operator Qz (with @ € {V,3} and
x € VS) appears at most once in .

Provide a function Scope, including its type, such that, given
a quantifier operator Qz (with Q@ € {V,3} and x € VS) and
a formula ¢ € 9Q,, it returns the formula corresponding to the
scope of Q.
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Exercise 3.6.6. Given p,v,n € FOL,

1. provide a function #, including its type, that returns how
many times Y occurs in @ as sub-formula;

2. provide a function R, including its type, that replaces each
occurrence of @ in n with Y;

3. provide a function Ry, including its type, that replaces ex-
actly one occurrence of @ in n with Y if ¢ occurs inn, and
that returns n if @ does not occur inn. If © occurs in n mul-
tiple times, then there is no requirement on the particular
instance to be replaced.

Exercise 3.6.7. Prove the following:
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1. For any predicate P with arity 2, VaVyP(x,y) - YyVzP(y, 2).

2. Assume x is not free in p, then ¢ — Y1) and Vr(p — V)
are syntactically equivalent.

3. We say a formula ¢ has repeated occurrences of a bound
variable x, if Qx appears more than once in the sub-formulas
of v (recall Q € {V,3}). Prove that there exists a formula
¢ which has no repeated occurrences of any bound variable
such that @ and ¢’ are syntactically equivalent.

Exercise 3.6.8. Prove the following:
Q1 Ve 4 dz—w; and ~Fxp 4 Vr—p.

Q2 Yrp N FANYx(p A, if © does not occur in 1.
Q3 xp vV Axy F4 Jx(p V ).
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Exercise 3.6.9. Let S be a binary predicate symbol, P and ()
unary predicate symbols. Prove the following:

Q1 FxFy(S(x,y) V S(y,x)) F JxTyS(x,y).

Q2 VaNyVz(S(x,y)AS(y, z) — S(x, 2)), VoS (z, x) F VaVy(S(x,y) —
=S(y,x)).

)
Q3 xFy(S(x,y) V S(y,x)), ~FzS(x,x) b JxTy(x # y).
Q4 Vr(P(z) VvV Q(x)) F VzP(x) VVQ(x) is not provable.

Exercise 3.6.10. Prove Lemma 3.4.53: a Hintikka set I' is con-
sistent, and moreover, for each formula o, either ¢ & T', or

—pgl.
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Exercise 3.6.11. Given a formula o, let $H(p) be the set of
Hintikka sets containing ¢, that is, H(p) = { ' C FOF |
p €' and T is a Hintikka set }. We say that ' € $H(p) is min-
imal if, for each T" € $(p), it holds that T" C T" implies ' =T;
we denote by m(p) the set of minimal Hintikka sets in $H(p),
that is, m(p) ={ ' € H(p) | ' is minimal }.

1. Provide a minimal Hintikka set T', € m(yp) for the formula
p =Vay(=(z = y) = (R(z,y) = ~R(y,z)))

under the assumption that VS = {x,y}, F'S = CS = {a, b},
PS ={R}, and ES = {~}.

2. Prove that $(¢) N H(—p) =0 for each ¢ € FOF.

3. Let PL C FOF be the set of FOL formulas in which each
predicate appears at most once and in which no quantifier
Q € {V,3} occurs. Define a function c: PL — N such that,
for each ¢ € PL, returns the number of different minimal
Hintikka sets containing .
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Chapter 4

Algorithms

Definition 4.0.12 (Algorithm (from wikipedia)). e An algo-
rithm is a set of rules that precisely defines a sequence of
operations, which can perform calculation, data processing
and automated reasoning tasks.

e An algorithm is an effective method that can be expressed
within a finite amount of space and time and in a well-
defined formal language for calculating a function. Starting
from an initial state and initial input (perhaps empty), the
instructions describe a computation that, when executed,
proceeds through a finite number of well-defined successive
states, eventually producing “output” and terminating at a
final ending state. The transition from one state to the next
15 not necessarily deterministic; some algorithms, known as
randomized algorithms, incorporate random input.

e History

— The concept of algorithm has existed for centuries;

— what would become the modern algorithm began with
attempts to solve the Entscheidungsproblem (the ”deci-
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sion problem”) posed by David Hilbert in 1928.

— Subsequent formalizations were framed as attempts to
define “effective calculability” or “effective method”;
those formalizations included the Godel-Herbrand-Kleene
recursive functions, Alonzo Church’s lambda calculus,
Emil Post’s “Formulation 17, and Alan Turing’s Tur-
1ng machines.

— Giving a formal definition of algorithms, cor-
responding to the intuitive notion, remains a
challenging problem.

e Church-Turing Thesis: any real-world computation can
be translated into an equivalent computation in-
volving a Turing machine.

e An algorithm can be considered to be any sequence
of operations that can be simulated by a Turing-

complete system.
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Definition 4.0.13 (Algorithm (Cont’d)). e Ezxpressing algo-
rithms: high-level description, implementation-level descrip-
tion and formal description.

o Complexity analysis: Formal versus empirical, execu-
tion efficiency.

e Classification

— By tmplementation: recursion, logical, serial, parallel,
distributed, deterministic vs nondeterministic, exact vs
approximation, quantum

— By design paradigm: brute-force or exhaustive search,
divide and conquer, search and enumeration, random-
1zed algorithms.

— By optimization problems: linear programming, dynam-
ic programming, integer programming, semi-definite pro-
gramming, the greedy method, the heuristic method

— By field of study

— By complexity: space complexity and time complexity.
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4.1 Syntax of an algorithm in pseudo-code

In this part, we consider an extension of the programming lan-
guage WHILE presented in the Exercise sheet 2. Basically, the
grammar is extended with arrays and procedures.

Let A be a finite alphabet, such as the English alphabet, and
consider the following simple programming language PROC,
an extension of WHILE, whose well-formed programs are those
obtained by applying the rules of the following grammar:

Numbers:
Num ::=d | dNum where d € {0,1,...,9}
Identifiers:

Id ::= ald’ where a € A

Id" == \| ald" | NumId
Numeric expressions:

Ezp ::== Num | Id | Id[Ezp] | length(ld) | (Ezp)
| Exp + Exp | Fxp — Fxp | Fxp x Fxp | Exp/ FExp
| Id(Ezxp, ..., Exp)

Boolean expressions:

BEzxp ::= true | false | Exp = Ezp | (BExp)
| Exp < Exp | Exp < Exp
| Exp > Exp | Exp > Exp
| =BEzp | BExp A BExp | BExp V BEzxp
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Procedure declaration

Pr:= procedure [d(ld,..., Id) P
| procedure [d(Id,...,Id) P; return Ezxp

Programs:

P ::=skip | Id := Exp | Id[Exp] := FEzp | P; P
| if BEzp then P else P fi
| while BEzp do P done
| for Id := Fxp to Exp do P done
| Id(Ezxp, ..., Exp)

4.2 Examples of algorithms

Algorithm 4.2.1 (Collatz Conjecture). The following pseudo-
code in PROC terminates when the value of n becomes to 1.
The input n is a natural number, greater than or equal to 1.

procedure Collatz(n)
while n # 1 do
if even(n) then

n:=n/2
else
n:=nxJ3+1
fi
done

Discussion: Does this algorithm terminate?
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Algorithm 4.2.2 (Maximum in a generic array). The following
pseudo-code in PROC returns the maximum value occurring in
the provided array.

procedure max(array)
maxvalue := array|0];
for i :== 1 to length(array) — 1 do
if array[i] > maxvalue then
maxvalue := array|i]
else
skip
fi
done;
return maxvalue

Algorithm 4.2.3 (Index of a value in an array). The following
pseudo-code in PROC returns the index of the specified value
if it occurs in the provided array, otherwise length(array) is
returned.

procedure index0f(value, array)
index := length(array);
for i := 0 to length(array) — 1 do
if array[i] = value then
index :=1
else
skip
fi
done;
return index

Algorithm 4.2.4 (Index of a value in a sorted array). The
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following pseudo-code in PROC returns the index of the spec-
ified value if it occurs in the provided sorted array, otherwise
length(array) is returned.

procedure index0fSorted(value, array)
index := length(array);
low := 0;
high := length(array) — 1;
while low < high do
middle := (low + high)/2;
if array[middle] < value then
low := middle + 1
else
high := middle
fi
done;
if array[low| = value then
index := low
else
skip
fi;
return index

Algorithm 4.2.5 (Swap elements in an array). The following
pseudo-code in PROC swaps the elements at index i and j in
the provided array.

procedure swap(array, i, j)
temp := array|il;
array[i] := array[j];
array|j] := temp
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Algorithm 4.2.6 (Bubble sort). The following pseudo-code in
PROC sorts the provided array.

procedure bubbleSort(array)
for i := 0 to length(array) — 1 do
for j := 0 to (length(array) — 1) — i do
if array[j] > array[j + 1] then
swap(array, j,j + 1)
else
skip
fi
done
done

Algorithm 4.2.7 (Gnome sort). The following pseudo-code in
PROC sorts the provided array.

procedure gnomeSort(array)
i:=0;
while i < length(array) do
if i =0V array[i — 1] < array[i] then

i=1i+1
else
swap(array,i,i — 1);
i=1-1
fi
done

Algorithm 4.2.8 (Insertion sort). The following pseudo-code
in PROC sorts the provided array.
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procedure insertionSort(array)
for i := 1 to length(array) — 1 do
Jji=1
while j > 0 A array[j — 1] > array[j] do
swap(array, j,j — 1);
j=3—-1
done
done

Greedy Algorithms

Algorithm 4.2.9 (Change Making). The algorithm makes changes
€1 > Cy...> ¢ for n cents.

procedure procedureChange(cy, ¢a, .. ., ¢y)
for 2 :=1to r do
d,’ = O;
while n > ¢; do
di = dZ + 1;
n:=n-—cg
done
done

Algorithm 4.2.10 (Earliest Ending Time Job Scheduling). T-
wo jobs are compatible if they do not overlap. Assumption: sorts
talks with ending times e; < ey < ...e,.

procedure schedule(ey, e, ..., e,)
S = 0;
for i :=1tondo
if talk 4 is compatible with S then S := S U {talk i}
done
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Remark: set not defined in PROC

Definition 4.2.11. The Tableau approach for the satisfiability
problem of propositional logic: a propositional formula is satis-
fiable iff it has a consistent tableau.
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Definition 4.2.12 (Decidability). e A decision problem con-
sists of a set of instances and a subset of yes-instances.

e The Primality problem: is the instance x a prime number?

e The answer (solution) to any decision problem is just one
bit (true or false).

e A problem () is decidable iff there is an algorithm A, such
that for each instance q of Q, the computation A(q) stops
with an answer.

o A problem () is semi-decidable iff there is an algorithm A,
such that for each instance q of Q, if q holds, then A(q)
stops with the positive answer; otherwise, A(q) either stops
with the negative answer, or does not stop.
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Definition 4.2.13 (The Halting Problem). It takes as input
a computer program and input to the program and determines

whether the program will eventually stop when run with this in-
put.

e [f the program halts, we have our answer.

o [f it is still running after any fized length of time has e-
lapsed, we do not know whether it will never halt or we just
did not wait long enough for it to terminate.

Definition 4.2.14 (Undecidability of the Halting Problem).

If H(P, P) = “halts,”
then loop forever

P as program

In Program o Program | — &
ut utput
_ e H(PI) Pl k)
Program P H(P, P) )
P as input g If H(P, P) = “loops forever,”
then halt
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4.3 Satisfiability Problem and DPLL

The slides are downloadable from http://www.computational-
logic.org/iccl/master /lectures/summer07/sat /slides/dpll.pdf

4.4 The Growth of Functions

Definition 4.4.1. Let f and g be functions from the set of in-
tegers or the set of real numbers to the set of real numbers. We
say that f(x) is O(g(x)) if there are constants C' and k such that
|f(z)] < Clg(z)| whenever x > k.
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Definition 4.4.2. Let f and g be functions from the set of in-
tegers or the set of real numbers to the set of real numbers. We
say that f(x) is Q(g(x)) if there are positive constants C and k
such that |f(x)| > Clg(x)| whenever z > k.

Moreover, We say that f(z) is ©(g(z)) if f(z) is O(g(z)) and

Q(g(x)).-

Exercise 4.4.3. Show that:
1. Show that log n! is O(nlogn).
2. Show that n* is not O(n).

) and that fy(x) is O(ga(x)).
g1(2)], [g2(2)1)).

) and fo(x) is O(g2(x)). Then

3. Suppose that fi(x) is O(g1(x)
Then (fi1 + f2)(x) is O(max(]
)

4. Suppose that fi(x) is O(g1(z
(fif2)(x) is Og1(2)g2()).

5. Show that 3z* + 8xlogx is O(z?).
6. Assume a, # 0. Show that Y i a;x" is O(a™).
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4.5 Complexity of Algorithms

We are interested in the time complexity of the algorithm.

TABLE 1 Commonly Used Terminology for the
Complexity of Algorithms.
Complexity Terminology
o) Constant complexity
®(log n) Logarithmic complexity
O(n) Linear complexity
®(n log n) Linearithmic complexity
Onb) Polynomial complexity
"), where b > 1 Exponential complexity
O(n!) Factorial complexity

Definition 4.5.1. e A problem that is solvable using an algo-
rithm with polynomial worst-case complexity is called tractable.
Tractable problems are said to belong to class P.
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e Problems for which a solution can be checked in polynomial
time are said to belong to the class NP.

e The P = NP problem asks whether NP, the class of prob-
lems for which it is possible to check solutions in polynomial
time, equals P, the class of tractable problems.

o N P-complete problems: It is an NP problem and if a poly-
nomual time algorithm for solving it were known, then P =
NP.

e The satisfiability problem is N P-complete. Cook-Levin
Theorem

A prize of 1,000,000 dollars is offered by the Clay Mathe-
matics Institute for its solution.

4.6 Logic and Computer Science — Logical
Revolution

NOTE: The following material is from Moshe Vardi

Definition 4.6.1 (Hilberts Program). Hilberts Program (1922-
1930): Formalize mathematics and establish that:
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o Mathematics is consistent:

a mathematical statement and its negation cannot ever both
be proved.

e Mathematics is complete:

all true mathematical statements can be proved.

e Mathematics is decidable: there 1s a mechanical way to de-

termine whether a given mathematical statement is true or
false.

Definition 4.6.2 (The Demise of Hilberts Program). Gddel:

e Incompleteness of ordinary arithmetic - There is no sys-
tematic way of resolving all mathematical questions.

o Impossibility of proving consistency of mathematics

Gadel (1930): ”This sentence is not provable.”

e Church and Turing (1936): Unsolvability of first-order log-
e

The set of valid first-order sentences is not computable.
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Definition 4.6.3 (Entscheidungsproblem). Entscheidungsprob-
lem (The Decision Problem) [Hilbert-Ackermann, 1928]: Decide
if a given first-order sentence is valid (dually, satisfiable).

Church-Turing Theorem, 1936: The Decision Problem is un-
solvable.

Turing, 1936:
e Defined computability in terms of Turing machines (TMs)

e Proved that the termination problem for TMs is unsolvable
("this machine terminates iff it does not terminate”)

e Reduced termination to Entscheidungsproblem.

Definition 4.6.4 (Mathematical Logic - 1936). Logic as Foun-
dations of Mathematics:
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Incomplete (example: Continuum Hypothesis)

Cannot prove its own consistency

Unsolvable decision problem

e Unsolvable termination problem

Can we get some positive results?

e Focus on special cases!

Definition 4.6.5 (The Fragment-Classification Project). Idea:
Identify decidable fragments of first-order logic - (1915-1983)

Monadic Class (monadic predicates)

Bernays-Schonfinkel Class (3*V*)

Ackermann Class (F*V3*)
Godel Class (F*VV3*)

Outcome: Very weak classes! What good is first-order logic?
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Definition 4.6.6 (Monadic Logic). Monadic Class: First-order
logic with monadic predicates - captures syllogisms.

Ve(Man(z) — Mortal(z))

Lowenheim, 1915: The Monadic Class is decidable.

e Proof: Bounded-model property - if a sentence is satisfiable,
it 1s satisfiable in a structure of bounded size.

e Proof technique: quantifier elimination.

Definition 4.6.7 (Logic of Integer Addition). Integer Addition:
e Domain: N (natural numbers)

e Predicate: =
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Addition function: +

o y=2r:y=ax+x

o r<y:(3z)(y=12+2)

oz =0:(Vy)(z <y)
erx=1:2#0AMy)ly=0Vaz<y)
ey=zc+1:(F)z=1Ny=x+2)

Bottom Line: Theory of Integer Addition can express Integer
Programming (integer inequalities) and much more.

Definition 4.6.8 (Presburger Arithmetics). Mojzesz Presburg-
er, 1929:

e Sound and complete axiomatization of integer addition

e Decidability: There exists an algorithm that decides whether
a given first-order sentence in integer-addition theory is
true or false.

— Decidability is shown using quantifier elimination, sup-
plemented by reasoning about arithmetical congruences.
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— Decidability can also be shown using automata-theoretic
techniques.

Definition 4.6.9 (Complexity of Presburger Arithmetics). Com-
plexity Bounds:

e Oppen, 1978: T[ME(222POZy) upper bound
e Fischer & Rabin, 197): T[ME(QW) lower bound

Rabin, 197}: 7Theoretical Impediments to Artificial Intelli-
gence”: “the complexity results point to a need for a careful
examination of the goals and methods in AI”.

Definition 4.6.10 (Finite Words - Nondeterministic Finite Au-
tomata). A = (X, 5, Sy, p, F)
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o Alphabet: X

o States: S

e Initial states: Sp C S

o Nondeterministic transition function: p: S x X — 29

e Accepting states: ' C S

Definition 4.6.11. Finite Words - Nondeterministic Finite Au-
tomata

Input word: ag,aq, ..., Ay

Run: sg, s1,..., S,

e 50€ Sy
® 511 € p(si,a;) fori >0

Acceptance: s, € F
Recognition: L(A) - words accepted by A.
Fact: NFAs define the class Reg of regular languages.
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Definition 4.6.12 (Logic of Finite Words). View finite word
w = ay, ..., ap_1 over alphabet ¥ as a mathematical structure:

e Domain: 0,....n — 1

e Dyadic predicate: <

e Monadic predicates: {P, : a € X}
Monadic Second-Order Logic (MSO):

e Monadic atomic formulas: P,(x) (a € X)

e Dyadic atomic formulas: x <y

o Set quantifiers: AP,V P
Ezxample: (3z)((Vy)(—(x < y)) A Pu(x)) - last letter is a.
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Definition 4.6.13 (Automata and Logic). [Biichi, Elgot, Trakht-
enbrot, 1957-8 (independently)]: MSO = NFA

Both MSO and NFA define the class Reg.

Proof: Effective

o From NFA to MSO (A — py4)
o From MSO to NFA (p — A,)

Definition 4.6.14 (NFA Nonemptiness). Nonemptiness: L(A) =
0

Nonemptiness Problem: Decide if given A is nonempty.
Directed Graph G4 = (S, E) of NFA A= (X,S,S0,p, F):

e Nodes: S
o Fdges: E ={(s,t):t € p(s,a) for some a € X}

It holds: A is nonempty iff there is a path in G4 from Sy to

F.
Decidable in time linear in size of A, using breadth-first search

or depth-first search.
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Definition 4.6.15 (MSO Satisfiability - Finite Words). Satis-
fiability: models(y) = 0

Satisfiability Problem: Decide if given 1 is satisfiable.

It holds: 1 is satisfiable iff Ay is nonnempty.

It holds: MSO satisfiability is decidable.

o Translate 1 to Ay.

o Check nonemptiness of Ay .

Definition 4.6.16 (Complexity Barrier). Computational Com-
plexity:
e Naive Upper Bound: Nonelementary Growth 2 to the power
of the tower of height O(n)
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e Lower Bound [Stockmeyer, 197}]: Satisfiability of FO over
finite words is nonelementary (no bounded-height tower).

Definition 4.6.17 (Program Verification). e The Dream - Hoare,
1969: "When the correctness of a program, its compiler,
and the hardware of the computer have all been established
with mathematical certainty, it will be possible to place great
reliance on the results of the program.”

e The Nightmare - De Millo, Lipton, and Perlis, 1979: ”We
beliecve that . . . program verification is bound to fail.
We cannot see how it is going to be able to affect anyone’s
confidence about programs.”

o “ .. software verification ... has been the Holy Grail of com-
puter science for many decades but not in some very key
areas, for example, driver verification we are building tools
that can do actual proof about the software and how it works

in order to guarantee the reliability.” (Bill Gates, keynote
address at Winhec 2002)

e Hoare has pose a grand challenge: “The verification chal-
lenge s to achieve a significant body of verified programs
that have precise external specifications, complete internal
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specifications, machine-checked proofs of correctness with
respect to a sound theory of programming.”

o NICTA sel4 using Isabelle/HOL, INRIA CompCert using
Coq
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The Hoare Triple {p}P{¢}
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Definition 4.6.18 (Logic in Computer Science: c. 1980). Sta-
tus: Logic in CS is not too useful!

e First-order logic is undecidable.
e The decidable fragments are either too weak or too intractable.
e Fuven Boolean logic is intractable.

e Program verification is hopeless.

Definition 4.6.19. Post 1980: From Irrelevance to Relevance
A Logical Revolution:

Relational databases

Boolean reasoning

Model checking

Termination checking
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Definition 4.6.20 (The Temporal Logic of Programs). Cruz:
Need to specify ongoing behavior rather than input/output rela-
tion! " Temporal logic to the rescue” [Pnueli, 1977]:

e Linear temporal logic (LTL) as a logic for the specification
of non-terminating programs

e Model checking via reduction to MSO

But: nonelementary complexity!

In 1996, Pnueli received the Turing Award for seminal work
introducing temporal logic into computing science and for out-
standing contributions to program and systems verification.
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Definition 4.6.21 (Examples). e always not (CS1 and C-
S2): safety

e always (Request implies eventually Grant): liveness

e always (Request implies (Request until Grant)): liveness

Definition 4.6.22 (Model Checking). ”Algorithmic verification”
[Clarke & Emerson, 1981, Queille & Sifakis, 1982]: Model check-
ing programs of size m wrt C'TL formulas of size n can be done

i time mn.
Linear-Time Response [Lichtenstein € Pnueli, 1985]: Model

checking programs of size m wrt LTL formulas of size n can be
done in time m2°™ (tableau heuristics).
Seemingly:

e Automata: non-elementary

o Tubleaux: exponential
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Definition 4.6.23 (Back to Automata). Exponential-Compilation
Theorem [Vardi €& Wolper, 1983-1986]: Given an LTL formula
@ of size n, one can construct an automaton A, of size 20(n)
such that a trace o satisfies ¢ if and only if o is accepted by A,.
Automata-Theoretic Algorithms:

o LTL Satisfiability: o is satisfiable iff L(A,) =0 (PSPACE)
o LTL Model Checking: M = o iff L(M x A-,) = 0 (m2°™)

Today: Widespread industrial usage
Industrial Languages: PSL,SV A (IEEFE standards)

Definition 4.6.24 (Solving the Unsolvable). B. Cook, A. Podel-
ski, and A. Rybalchenko, 2011:”in contrast to popular belief,
proving termination is not always impossible”
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e The Terminator tool can prove termination or divergence
of many Microsoft programs.

Tool is not guaranteed to terminate! Explanation:

Most real-life programs, if they terminate, do so for rather
simple reasons.

Programmers almost never conceive of very deep and so-
phisticated reasons for termination.

Definition 4.6.25 (Logic: from failure to success). Key Lesson-
s:

e Algorithms

e Heuristics

e [xperimentation

e Tools and systems

Key Insight: Do not be scared of worst-case complexity.

e [t barks, but it does not necessarily bite!
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