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ptmu ©s t�po�smu oª«mpt©� 82 =2NHE K2@8?@6267 0H:/G?26523 7;78H=71

M072E68HE;B 8:H NH7?A@ 23 856789258:; 72389/5H @HHN7
5?K:H5 =/8:H=/8?K/E S@29EHNAH1 L@ 3/K8B 5HKH@8E; =25H/@N =25H =/8:H=/8?K/E 8:H25?H7 /5H 326@N 82 0H z6?8H
67H36E ?@ >52A5/= GH5?_K/8?2@1 {25 Hk/=>EHB 8:H 8:HU25; 23 �5¬0@H5 ­/7H ?7 76KKH7736EE; />>E?HN 82 ?@G/5?/@8
AH@H5/8?2@ 23 >52A5/=7 wx�BxXB|Wy� 4:H _578U25NH5 z6/@U8?_H5 HE?=?@/8?2@ 8HK:@?z6H7B =/?@E; 0/7HN 2@ rqut��strmumu�o�sm �or©v®©ltpt©� w-IB -OyB :/GH 0HH@ 67HN ?@ 5H/K:U/0?E?8; K2=>68/8?2@ 23 E?@H/5 :;05?N 7;78H=7 wOOB��y /@N
>52A5/= GH5?_K/8?2@ wI�yB /@N 72 2@1

-1O M K:/EEH@AH 352= GH5?_K/8?2@ 23 @2@UE?@H/5 7;78H=7
D2@UE?@H/5 >52A5/=7 �7;78H=7� /5H / GH5; ?=>258/@8 KE/7723 >52A5/=7B ?@ >/58?K6E/5 ?@ 7K?H@8?_K K2=>68?@A1 T29UHGH5B =278 9HEEUH78/0E?7:HN 925S K2@KH@85/8H7 2@ E?@H/5>52A5/=7 �7;78H=7�1 {25 Hk/=>EH7B =278 5H76E87 2@ :;U05?N 7;78H=7 /5H 2@ E?@H/5 :;05?N 7;78H=7 /@N E?88EH 2@
@2@E?@H/5 2@H7 �23 K2657H E287 23 8:H= K/@ 0H />>52k?U=/8HN 0; E?@H/5 7;78H=7 wI|y�� P278 8H5=?@/8?2@ /@/E;7?7
925S 32K67 2@ 7>HK?/E KE/77H7 23 E?@H/5 >52A5/=7 wxxB|Oy�
M@N 72 2@1

L@ AH@H5/EB 8:H GH5?_K/8?2@ 23 @2@UE?@H/5 7;78H=7 ?7=6K: =25H N?¯K6E8B /@N @HHN7 5?K:H5 /@N NHH>H5 =/8:UH=/8?K/E S@29EHNAHB ?@ >/58?K6E/5 K2@8?@6267 =/8:H=/8U?K71 T29 82 GH5?3; @2@E?@H/5 7;78H=7 ?7 78?EE / K:/EEH@A?@A
>520EH=1

-1x J;@2>7?7
°65 H�2587 K2==H@KHN _GH ;H/57 /A2B 9:H@ .6 ±/@A
/@N ­?K/@ ²?/B 892 Hk>H587 2@ K2=>68H5 /EAH05/B /@N
<:/2K:H@ �:26 /@N D/?³6@ �:/@B 892 Hk>H587 2@ K2=U>68H5 7K?H@KH 9H5H H@K265/AHN 0; 8:H 7?=?E/5 5H7H/5K: ?@
28:H5 K26@85?H7 /@N 5H/E?7HN 8:/8 ?8 926EN 0H ?@8H5H78?@A
82 ?@GH78?A/8H ?3 8:H 8:H25?H7 /@N 822E7 2@ K2=>68H5 /EAHU05/ NHGHE2>HN 0; <:?@H7H =/8:H=/8?K?/@7 /@N K2=>68H5
7K?H@8?787 K/@ 76KKH7736EE; 0H />>E?HN 82 >52A5/= GH5?_UK/8?2@1 �?8: 8:H 36@N 23 D/865/E JK?H@KH {26@N/8?2@23 <:?@/ �DJ{<� 6@NH5 8:H A5/@8 �W|�OWW� �M>>E?K/8?2@
23 �H/E MEAH05/?K /@N J;=02E?K <2=>68/8?2@ 82 {25=/E
PH8:2N7�B 9H 3265 >H572@7 325=HN /@ ?@8H5N?7K?>E?@/5;8H/= /@N 78/58HN 265 /88H=>81 4:H 5H7H/5K: 9/7 8:H@3658:H5 785H77HN 0; 8:H SH; >52³HK8 �M@/E;7?7B VH5?_K/8?2@
/@N 422E7 2@ C=0HNNHN J2389/5H7 0/7HN 2@ <2=>68H5
MEAH05/� 6@NH5 8:H A5/@8 �W�-XWx-9?8:?@ 8:H 35/=H925S23 �­/7?K �H7H/5K: 2@ 456789258:; J2389/5H� 36@NHN 0;DJ{<1 M8 8:H 7/=H 8?=HB 265 8H/= 9/7 785H@A8:H@HN /7@H9 >/58?K?>/@87 ³2?@HN1

L@ / 925NB 9:/8 9H :/GH 208/?@HN 6> 82 @29 ?@KE6NH´

• ­; Hk>E2?8?@A 265 8H/= =H=0H57} /EA25?8:= 2@ 72EGU?@A 7H=?U/EAH05/?K 7;78H=7 �JMJ7�B ?@ >/58?K6E/5 2@
5228 KE/77?_K/8?2@ 23 >/5/=H85?K JMJ7 w�|B��B�Xy /@N
5H/E 5228 ?72E/8?2@ 23 K2@78/@8 JMJ7 w|XB�WyB 9H :/GH>52>27HN / =25H >5/K8?K/E /@N H¯K?H@8 />>52/K:82 N?7K2GH5; 23 ?@G/5?/@87 /@N 5/@S?@A 36@K8?2@7 23
>2E;@2=?/E >52A5/=7 2GH5 5H/E KE27HN _HEN71 <2=U>/5HN 9?8: 28:H5 9HEEUH78/0E?7:HN 925S ?@ 8:?7 /5H/B
8:H /NG/@8/AH7 23 265 />>52/K: E?H ?@´ {?578B ?8 K/@
H¯K?H@8E; AH@H5/8H =25H Hk>5H77?GH ?@G/5?/@87� JHKU2@NB 265 />>52/K: K/@ 0H />>E?HN 82 @2@E?@H/5 >52UA5/=7 /@N N?7K2GH5 @2@E?@H/5 5/@S?@A 36@K8?2@7B ?@
K2@85/78 9?8: 8:/8 28:H5 9HEEUS@29@ />>52/K:H7 K/@
2@E; 0H />>E?HN 82 E?@H/5 >52A5/=7 /@N N?7K2GH5 E?@UH/5 5/@S?@A 36@K8?2@7� {?@/EE;B 265 />>52/K: ?7 /E72
K2=>EH8H ?@ 8:H 7H@7H 8:/8 ?8 K/@ /E9/;7 8HEE ;26
9:H8:H5 8:H5H Hk?787 / NH=/@NHN >2E;@2=?/E ?@G/5?U/@8 �25 5/@S?@A 36@K8?2@�B /@N AH@H5/8H ?8 ?3 721
4:H 268E?@H 23 265 />>52/K: ?7 /7 32EE297´ �H _578>5HNH_@H / >2E;@2=?/E 8H=>E/8H 23 ?@G/5?/@8 �5/@SU?@A 36@K8?2@�� 4:H@ 9H 5HN6KH ?@G/5?/@8 AH@H5/8?2@
�5/@S?@A 36@K8?2@ N?7K2GH5?@A� 82 7H=?U/EAH05/?K 7;7U8H= 72EG?@A� M38H5 8:?7 9H />>E; 265 8:H25?H7 /@N
822E7 2@ 72EG?@A JMJ7 82 >52N6KH 72=H @HKH77/5; /@N
76¯K?H@8 K2@N?8?2@7� M@N _@/EE; 68?E?^H 8:H 8HK:U@?z6H 23 z6/@8?_H5 HE?=?@/8?2@ 82 :/@NEH 8:H NHU5?GHN K2@N?8?2@7 /@N 208/?@ ?@G/5?/@87 �5H7>1 5/@SU?@A 36@K8?2@7� 9?8: 8:H >5HNH_@HN 325=1

• �H �HG?7?8HN 8:H 5H76E87 5H>258HN ?@ w|Oy /@N A/GH /
7;=02E?K NHK?7?2@ >52KHN65H 325 8H5=?@/8?2@ 23 8:H
KE/77 23 E?@H/5 E22>7 K2@7?NH5HN ?@ w|Oy1 �H 7:29HN8:/8 8:H K2=>EHk?8; 23 265 7;=02E?K NHK?7?2@ >52KHUN65H ?7 @28 :?A:H5 8:/@ 8:H @6=H5?K/E 2@H ?@ w|Oy1
L@ >/58?K6E/5B 9H ?@GH@8HN / 7;=02E?K NHK?7?2@ >52UKHN65H 9?8: >2E;@2=?/E K2=>EHk?8; 325 8:H 7>HK?/E
K/7HB 9:H5H 8:H K:/5/K8H5?78?K >2E;@2=?/E 23 8:H /7U7?A@=H@8 =/85?k 23 / A?GH@ E22> ?7 ?55HN6K?0EH1

• �H K2@7?NH5HN 8:H 8H5=?@/8?2@ >520EH=7 23 72=H
KE/77H7 23 @2@E?@H/5 >52A5/=71 {?578B 9H 7:29HN 8:/8
8:H 8H5=?@/8?2@ >520EH= 23 8:H 32EE29?@A @2@UE?@H/5>52A5/= P̃1

?7 NHK?N/0EH 6@NH5 / 5H/72@/0EH /776=>U8?2@B /@N K2@³HK865HN ?8 ?7 6@NHK?N/0EH ?@ AH@H5/E1

P̃1 : while (P (X) > b) {X := AX + C},
9:H5H

X = [x1 . . . xN ]T
?7 8:H GHK825 23 >52A5/=

G/5?/0EH7B
P (X) = [P1(X) . . . PM (X)]T > b

/5H >2E;U@2=?/E K2@785/?@87B H/K:
Pi(X)(1 ≤ i ≤ M)

?7 / >2E;U@2=?/E ?@
Q[X]

B /@N
A

?7 /@
N × N

=/85?k 2GH5
Q�8:H 5/8?2@/E @6=0H57�1 JHK2@NB 9H K2@7?NH5HN 8:H8H5=?@/8?2@ >520EH= 23 72UK/EEHN u©©® ©µos t�posµmulB?1H1

PΩ : while (x ∈ Ω) {x := f(x)}
9:H5H x

?7 8:H 2@E; >52A5/= G/5?/0EHB
Ω

?7 /@ ?@U8H5G/E /@N
f

?7 / K2@8?@6267 36@K8?2@1 L@ w�WyB ±/2



�����¶ �� ¡¢�¶ £¤�¶ �¥��¦ ·

H78/0E?7:HN @HKH77/5; /@N 76¯K?H@8 K2@N?8?2@7 3258:H 8H5=?@/8?2@ >520EH= 23 8:H >52A5/=B /@N >52GHN8:/8 8:H 8H5=?@/8?2@ ?7 NHK?N/0EH ?3
f

?7 / >?HKH9?7H>2E;@2=?/E 36@K8?2@1
• J2=H 28:H5 5H76E87B 325 Hk/=>EH7B ?@ w�OyB ²6B <:H@/@N .? ?@GH78?A/8HN 8:H 5H/K:/0?E?8; K2=>68/8?2@ 23

@2@UE?@H/5 :;05?N 7;78H=7� 9:?EH ?@ w�xyB ²6 H8 /E
A/GH / =H8:2N 2@ :29 82 K2=>68H 5H/K:/0EH 7H87 23
5/8?2@/E H?AH@G/E6H E?@H/5 :;05?N 7;78H=7� ?@ w��yB 9H>52>27HN /@ 2�UE?@H />>52/K: 82 AH@H5/8H 76¯K?H@8
8H5=?@/8?2@ K2@N?8?2@7 325 E?@H/5 E22>71 ME72B ?@ w��yB
9H 7:29HN :29 82 67H ¸¹º»¼½¾¿¾¿ 82 ?=>52GH 8:H
H¯K?H@K; 23 8:H K2=>68/8?2@ 23 5H/K:/0EH 7H87 23
E?@H/5 :;05?N 7;78H=7� H8K1

L@ 8:?7 >/>H5B 9H 9?EE 05?H~; ?@852N6KH 8:H 5H76E87E?78HN ?@ 8:H _578 8:5HH ?8H=7 /02GH1

-1| �HE/8HN 925S
�25S 2@ >52A5/= GH5?_K/8?2@ K/@ N/8H 0/KS 82 8:H E/8H
7?k8?H7 �25 H/5E; 7HGH@8?H7� 23 8:H IW8: KH@865; 9:H@ 8:H
72UK/EEHN Àu©q��Á©mso�Âm«s Ãl t��«rptµo mllospt©� vop�©�wIIBI�BxWy 9/7 ?@GH@8HNB 9:?K: 9/7 8:26A:8 /7 8:H N2=U?@/@8 />>52/K: 2@ /682=/8?K >52A5/= GH5?_K/8?2@1 4:H=H8:2N ?7 0/7HN 2@ T2/5H .2A?K wI�yB 0; 67?@A ®so� /@N
®©lp� r©��tpt©�lB u©©® t�µmstm�pl /@N posvt�mpt©� m�mu�
qltl 8:526A: 5/@S?@A 36@K8?2@7B H8K1 4:H5H325HB 8:H N?7UK2GH5; 23 E22> ?@G/5?/@87 /@N 5/@S?@A 36@K8?2@7 >E/;7 /
KH@85/E 52EH ?@ >52G?@A 8:H K255HK8@H77 23 >52A5/=7 /@N
?7 /E72 8:26A:8 23 /7 8:H =278 K:/EEH@A?@A >/58 23 8:H/>>52/K:1

J?@KH 8:H@B 8:H5H :/GH 0HH@ E287 23 /88H=>87 82 :/@NEH?@G/5?/@8 AH@H5/8?2@ 23 >52A5/=7B H1A1 wIOBI�BIXB|xyB 068
2@E; 9?8: / E?=?8HN 76KKH771 �HKH@8E;B N6H 82 8:H /NG/@KH23 K2=>68H5 /EAH05/B 7HGH5/E =H8:2N7 0/7HN 2@ 7;=02E?K
K2=>68/8?2@ :/GH 0HH@ />>E?HN 76KKH7736EE; 82 ?@G/5?/@8
AH@H5/8?2@B 325 Hk/=>EH 8:H 8HK:@?z6H7 0/7HN 2@ /0785/K8?@8H5>5H8/8?2@ w�B-�B-�Bx�yB z6/@8?_H5 HE?=?@/8?2@ w-xBI�y
/@N >2E;@2=?/E /EAH05/ wOXBO�BxX�|Wy1

4:H 0/7?K ?NH/ 0H:?@N 8:H />>52/K:H7 0/7HN 2@ /0U785/K8 ?@8H5>5H8/8?2@ ?7 82 >H5325= /@ />>52k?=/8H 7;=U02E?K HkHK68?2@ 23 / >52A5/= 6@8?E /@ /77H58?2@ ?7 5H/K:HN8:/8 5H=/?@ 6@K:/@AHN 0; 3658:H5 HkHK68?2@7 23 8:H >52UA5/=1 T29HGH5B ?@ 25NH5 82 A6/5/@8HH 8H5=?@/8?2@B 8:H=H8:2N ?@852N6KH7 ?=>5HK?7?2@ 0; 67H 23 /@ Hk85/>2E/U8?2@ 2>H5/825 K/EEHN Ät�o�t��Å�mss©Ät��1 4:?7 2>H5/825238H@ K/67H7 8:H 8HK:@?z6H 82 >52N6KH 9H/S ?@G/5?/@871P25H2GH5B >52>27?@A 9?NH@?@AÆ@/5529?@A 2>H5/8257 9?8:
KH58/?@ K2@KH5@7 23 K2=>EH8H@H77 ?7 @28 H/7; /@N 0HK2=H7/ SH; K:/EEH@AH 325 /0785/K8 ?@8H5>5H8/8?2@ 0/7HN 8HK:U@?z6H7 w�B -�y1

L@ K2@85/78B />>52/K:H7 0; Hk>E2?8?@A 8:H 8:H25; 23
>2E;@2=?/E /EAH05/ 82 N?7K2GH5 ?@G/5?/@87 23 >2E;@2=?/E
>52A5/=7 9H5H >52>27HN ?@ wOXB O�B xX�|Wy1 L@ wOXyB
P6HEEH5U°E= /@N JH?NE />>E?HN 8:H 8HK:@?z6H 23 E?@H/5

/EAH05/ 82 AH@H5/8H >2E;@2=?/E Hz6/8?2@7 23 026@NHN NHUA5HH /7 ?@G/5?/@87 23 >52A5/=7 9?8: /¯@H /77?A@=H@871L@ wxXB x�yB �2N5?AH^U</502@HEE /@N Ç/>65 _578 >52GHN8:/8 8:H 7H8 23 >2E;@2=?/E7 7H5G?@A /7 E22> ?@G/5?/@87 :/78:H /EAH05/?K 7856K865H 23 ?NH/EB 8:H@ >52>27HN /@ ?@G/5?U/@8 AH@H5/8?2@ /EA25?8:= 0; 67?@A _k>2?@8 K2=>68/8?2@B
/@N _@/EE; ?=>EH=H@8HN 8:H /EA25?8:= 0; 8:H �5¬0@H50/7H7 /@N 8:H HE?=?@/8?2@ 8:H25;1 4:H />>52/K: ?7 8:HU25H8?K/EE; 726@N /@N K2=>EH8H ?@ 8:H 7H@7H 8:/8 ?3 8:H5H?7 /@ ?@G/5?/@8 23 8:H E22> 8:/8 K/@ 0H Hk>5H77HN /7 /
K2@³6@K8?2@ 23 >2E;@2=?/E Hz6/8?2@7B />>E;?@A 8:H />U>52/K: K/@ ?@NHHN AH@H5/8H ?81 J/@S/5/@/5/;/@/@ H8 /E
?@ w|Wy >5H7H@8HN / 7?=?E/5 />>52/K: 82 _@N?@A >2E;@2U=?/E Hz6/8?2@ ?@G/5?/@87 9:27H 325= ?7 >5?25? NH8H5=?@HN�K/EEHN 8H=>E/8H7� 0; 67?@A /@ Hk8H@NHN �5¬0@H5 0/7?7/EA25?8:=1

<2=>/5HN 9?8: >2E;@2=?/E /EAH05/ 0/7HN />>52/K:H78:/8 K/@ 2@E; AH@H5/8H ?@G/5?/@87 5H>5H7H@8HN /7 >2E;U@2=?/E Hz6/8?2@7B <2EÈ@ H8 /E ?@ w-xy >52>27HN /@ />U>52/K: 82 AH@H5/8H E?@H/5 ?@Hz6/E?8?H7 /7 ?@G/5?/@87 325E?@H/5 >52A5/=7B 0/7HN 2@ ÀmsÉml Ã Êovvm /@N @2@E?@UH/5 K2@785/?@8 72EG?@A1 L@ /NN?8?2@B Ç/>65 ?@ wI�y >52U>27HN / GH5; AH@H5/E />>52/K: 325 /682=/8?K AH@H5/8?2@
23 =25H Hk>5H77?GH ?@G/5?/@87 0; Hk>E2?8?@A 8:H 8HK:@?z6H23 z6/@8?_H5 HE?=?@/8?2@B /@N />>E?HN 8:H />>52/K: 82
R5H7065AH5 M5?8:=H8?K /@N z6/@8?_H5U35HH 8:H25; 23 K2@U³6@K8?GHE; KE27HN >2E;@2=?/E Hz6/8?2@71 4:H25H8?K/EE;
7>H/S?@AB 8:H />>52/K: K/@ /E72 0H />>E?HN 82 8:H 8:H25;23 5H/E KE27HN _HEN7B 068 Ç/>65 /E72 >2?@8HN 268 ?@ wI�y
8:/8 8:?7 ?7 ?=>5/K8?K/E ?@ 5H/E?8; 0HK/67H 23 8:H :?A:
K2=>EHk?8; 23 z6/@8?_H5 HE?=?@/8?2@B 9:?K: ?7 N260EH HkU>2@H@8?/E wI-y1

4:H KE/77?K/E =H8:2N 325 H78/0E?7:?@A 8H5=?@/8?2@ 23 /
>52A5/= ?7 8:H 67H 23 9HEEU326@NHN N2=/?@ 82AH8:H5 9?8:
72UK/EEHN 5/@S?@A 36@K8?2@ 8:/8 =/>7 8:H 78/8H 7>/KH 23
8:H >52A5/= 82 8:H N2=/?@1 4H5=?@/8?2@ ?7 8:H@ K2@UKE6NHN 0; NH=2@785/8?@A 8:/8 H/K: 78H> /7 8:H >52A5/=
=2GH7 3259/5N7 NHK5H/7H7 8:H =H/765H /77?A@HN 0; 8:H
5/@S?@A 36@K8?2@1 M7 8:H5H K/@ 0H @2 ?@_@?8H NH7KH@N?@A
K:/?@ 23 HEH=H@87 ?@ / 9HEEU326@NHN N2=/?@B /@; HkHK6U8?2@ 23 8:H >52A5/= =678 HGH@86/EE; 8H5=?@/8H1 <EH/5E;B
8:H Hk?78H@KH 23 76K: / 5/@S?@A 36@K8?2@ 325 /@; A?GH@ >52UA5/= ?=>E?H7 ?87 8H5=?@/8?2@1 �HKH@8E;B 8:H 7;@8:H7?7 23
5/@S?@A 36@K8?2@7 N5/97 ?@K5H/7?@A /88H@8?2@B /@N 72=H:H65?78?K7 K2@KH5@?@A :29 82 /682=/8?K/EE; AH@H5/8H E?@UH/5 5/@S?@A 36@K8?2@7 325 E?@H/5 >52A5/=7 :/GH 0HH@ >52U>27HN w-|BIWBxxy1 �/=7 H8 /E ?@ wIWy >52>27HN / :H65?78?K
785/8HA; 82 7;@8:H7?^H / E?@H/5 5/@S?@A 36@K8?2@ /KK25N?@A
82 8:H 7;@8/k 23 / E?@H/5 >52A5/=1 J?@KH ?@ =/@; K/7H78:H5H N2H7 @28 Hk?78 20G?267 K255HE/8?2@ 0H89HH@ 8:H 7;@U8/k 23 / >52A5/= /@N ?87 5/@S?@A 36@K8?2@7B 8:?7 />>52/K:?7 GH5; 5H785?K8?GH1 D28/0E;B <2EÈ@ /@N J?>=/ ?@ w-|y 68?UE?^HN 8:H 8:H25; 23 >2E;:HN5/ 82 7;@8:H7?^H E?@H/5 5/@SU?@A 36@K8?2@ 23 E?@H/5 >52A5/=7B /@N R2ENHE7?S? /@N �;@U0/EK:H@S2 ?@ wxxy _578 >5H7H@8HN / K2=>EH8H =H8:2N 82_@N 268 E?@H/5 5/@S?@A 36@K8?2@7 325 / KE/77 23 E?@H/5 >52U



Ë ��������� �� �� ¡¢��� £¤���¤� �� �¥��¦ §����¢¤���� ��� ¦¢�¥���

A5/=7 8:/8 :/GH 2@E; 7?@AEH >/8: 9?8:268 @H78HN E22>B ?@
8:H 7H@7H 8:/8 ?3 8:H5H Hk?787 / E?@H/5 5/@S?@A 36@K8?2@ 325/ >52A5/= ?@ 8:H KE/77B 8:H@ 8:H =H8:2N K/@ N?7K2GH5 ?81

Ck?78H@KH 23 5/@S?@A 36@K8?2@ ?7 2@E; / 76¯K?H@8 K2@UN?8?2@ 2@ 8:H 8H5=?@/8?2@ 23 / >52A5/=1 L8 ?7 H/7; 82
K2@7856K8 >52A5/=7 8:/8 8H5=?@/8HB 068 9?8:268 5/@SU?@A 36@K8?2@71 {658:H5=25HB ?@ w�y 9H 326@N 8:/8 HGH@ ?3
/ >52A5/= :/7 5/@S?@A 36@K8?2@7B ?8 =/; @28 :/GH /@;E?@H/5 2@H71 ­H7?NH7B ?8 ?7 9HEEUS@29@ 8:/8 8:H 8H5=?@/U8?2@ 23 >52A5/=7 ?7 6@NHK?N/0EH ?@ AH@H5/EB HGH@ 325 8:H
KE/77 23 E?@H/5 >52A5/=7 w|Oy 25 / 7?=>EH KE/77 23 >2E;@2U=?/E >52A5/=7 wXy1 L@ K2@85/78 82 8:H /02GH />>52/K:B4?9/5? w|Oy ?NH@8?_HN / 67H36E KE/77 23 E?@H/5 >52A5/=7/@N >52GHN 8:H NHK?N/0?E?8; 23 8:H 8H5=?@/8?2@ >520EH=23 8:H KE/77 2GH5 5H/E7B 9:?EH ­5/GH5=/@ K2@8?@6HN 8:H
925S /@N >52GHN 8:H NHK?N/0?E?8; 23 8:H KE/77 2GH5 ?@8HUAH57 w�y1 L@ w��yB 9H 3658:H5 NHGHE2>HN 8:H 925S 23 w|Oy 0;
K/EK6E/8?@A 7;=02E?K �76¯K?H@8� K2@N?8?2@7 325 8:H 8H5=?U@/8?2@ 23 ?87 760KE/77H7 8:526A: K2=>68H5 /EAH05/ 822EB
�LJ<°VC�C�1

.?@H/5 >52A5/=7 9?8: E?@H/5 5/@S?@A 36@K8?2@7 K2=U>27H / GH5; 7=/EE KE/77 23 >52A5/=71 M7 82 >2E;@2=?/E
>52A5/=7B ­5/NEH; H8 /E ?@ wXy >52>27HN /@ ?@K2=>EH8H=H8:2N 82 NHK?NH 9:H8:H5 / >2E;@2=?/E >52A5/= 8H5U=?@/8H7 0; 67?@A 8:H 8HK:@?z6H 23 _@?8H N?�H5H@KH 85HH1
T29HGH5B 8:H />>52/K: K/@ 0H 2@E; 67HN 82 8/KSEH GH5;
7?=>EH >2E;@2=?/E >52A5/=7B 8:/8 :/GH �>2E;@2=?/E 0HU:/G?25�1{2EE29?@A 8:H 5H7H/5K: E?@H 23 wI�yB <26728 ?@ w-�y >5HU7H@8HN / GH5; AH@H5/E />>52/K: 82 5/@S?@A 36@K8?2@ N?7UK2GH5?@A /@N ?@G/5?/@8 AH@H5/8?2@ 23 E?@H/5 /@N >2E;@2U=?/E >52A5/=71 4:H 0/7?K ?NH/ 23 8:H />>52/K: ?7´ {?5788:H >52A5/= 7H=/@8?K7 ?7 Hk>5H77HN ?@ >2E;@2=?/E 325=�
4:H@ 8:H 6@S@29@ 5/@S 36@K8?2@7 /@N ?@G/5?/@87 /5H>5HNH_@HN ?@ >/5/=H85?K 325=� <2@7Hz6H@8E;B 8:H ?=>E?UK/8?2@ ?@ 8:H {E2;NUT2/5HUD/65 GH5?_K/8?2@ K2@N?8?2@7?7 :/@NEHN 0; /0785/K8?2@ ?@82 @6=H5?K/E K2@785/?@87 0;./A5/@A?/@ 5HE/k/8?2@� {?@/EE;B 8:H 5H=/?@?@A 6@?GH57/E
z6/@8?_K/8?2@ ?7 :/@NEHN 0; 7H=?NH_@?8H >52A5/==?@A
/@N 8:H 5HE/8HN 72EGH571 <2=>/5HN 9?8: 8:H />>52/K:23 wI�yB <26728}7 />>52/K: ?7 =25H H¯K?H@8B /7 _578U25NH5
z6/@8?_H5 HE?=?@/8?2@ ?7 @28 N?5HK8E; />>E?HN 8:H5H1 T29UHGH5B <26728}7 />>52/K: ?7 ?@K2=>EH8H ?@ 8:H 7H@7H 8:/8B325 72=H >52A5/= 8:/8 =/; :/GH 5/@S?@A 36@K8?2@7 /@N
?@G/5?/@87 23 8:H >5HNH_@HN 325=B />>E;?@A 8:H />>52/K:=/; @28 0H /0EH 82 _@N 8:H=B /7 ./A5/@A?/@ 5HE/k/8?2@
/@N 2GH5U/>>52k?=/8?2@ 23 8:H >27?8?GH 7H=?UNH_@?8H@H7723 / >2E;@2=?/E /5H 67HN1

Ì ÍÎÏgÐiÑÒÎÓÔigÕ Ö×ÖfÎÏ ÖeÑhgjÒ
.H8 K[x1, ..., xn]

0H 8:H 5?@A 23 >2E;@2=?/E7 ?@
n?@NH8H5=?@/8H7 9?8: K2H¯K?H@87 ?@ 8:H _HEN K 9?8:

X = {x1, · · · , xn}
/@N 8:H 25NH5

x1 ≺ x2 ≺ · · · ≺ xn

1 4:H@B
8:H uom�t�� µmstm�uo 23 / >2E;@2=?/E

p
?7 8:H G/5?/0EH 9?8:

8:H A5H/8H78 ?@NHk 9:?K: ?@NHHN 2KK657 ?@
p
1 L3 8:H EH/NU?@A G/5?/0EH 23 / >2E;@2=?/E

p
?7

xk

B
p

K/@ 0H K2EEHK8HN
915181 ?87 EH/N?@A G/5?/0EH /7

p = cmxm
k + · · · + c0

9:H5H
m

?7 8:H �o�soo 23
p

915181
xk

/@N
ci

7 /5H >2E;@2=?/E7 ?@
K[x1, ..., xk−1]

1 �H K/EE
cmxm

k

8:H uom�t�� posv 23
p

915181
xk

/@N
cm

8:H uom�t�� r©oØrto�p1
M@ mp©vtr ®©uq�©vtmu n ©sv«um 2GH5 K[x1, ..., xn]

?723 8:H 325=
p(x1, . . . , xn) � 0

B 9:H5H
� ∈ {=, >,≥, 6=}

1
M ®©uq�©vtmu n ©sv«um ?7 / 022EH/@ K2=0?@/8?2@ 23
/82=?K >2E;@2=?/E 325=6E/H1 �H 9?EE NH@28H 0;
PF (K[x1, . . . , xn])

8:H 7H8 23 >2E;@2=?/E 325=6E/H 2GH5
K[x1, ..., xn]

/@N 0;
CPF(K[x1, . . . , xn])

8:H 7H8 23 K2@³6@KU8?GH >2E;@2=?/E 325=6E/H 2GH5 K[x1, ..., xn]
B 9:?K: 2@E;

K2@8/?@ E2A?K/E K2@@HK8?GH ∧B 5H7>HK8?GHE;1
M@ mp©vtr nsmrpt©�mu n ©sv«um 2GH5 K[x1, ..., xn]

?7 23
8:H 325= p(x1,...,xn)

q(x1,...,xn)
� 0

B 9:H5H
p(x1, . . . , xn) 6= 0

?7 5HE/8?GH>5?=H 82
q(x1, . . . , xn)

B 028: 23 8:H= /5H ?@ K[x1, . . . , xn]
B

/@N
� ∈ {=, >,≥, 6=}

1 M nsmrpt©�mu n ©sv«um ?7 / 022EH/@
K2=0?@/8?2@ 23 /82=?K 35/K8?2@/E 325=6E/H1 �H 9?EE NHU@28H 0;

FPF (K[x1, . . . , xn])
8:H 7H8 23 35/K8?2@/E 325=6E/H2GH5 K[x1, ..., xn]

1
L8 ?7 H/7; 82 >52GH 8:/8

FPF (K[x1, . . . , xn])
?7 /7 Hk>5H7U7?GH /7

PF (K[x1, . . . , xn])
1

M 7H=?U/EAH05/?K 7;78H= �ÙÚÙ� ?7 / K2@³6@K8?GH >2E;U@2=?/E 325=6E/ 23 8:H 32EE29?@A 325=














p1(u,x) = 0, · · · , ps(u,x) = 0,
g1(u,x) ≥ 0, · · · , gr(u,x) ≥ 0,
gr+1(u,x) > 0, · · · , gt(u,x) > 0,
h1(u,x) 6= 0, · · · , hm(u,x) 6= 0.

L8 ?7 /E72 95?88H@ /7
[F, N, P, H ]

�-�
9:H5H

F, N, P
/@N

H
78/@N 325 [p1, · · · , ps], [g1, · · · , gr],

[gr+1, · · · , gt]
/@N

[h1, · · · , hm]
B 5H7>HK8?GHE;1 TH5H?@B

x = (x1, · · · , xn)
/5H G/5?/0EH7 /@N

u = (u1, · · · , ud)
/5H >/U5/=H8H57 9:27H G/E6H7 /5H ?@

R
/@N

pi, gj , hk

/5H >2E;U@2=?/E7 ?@
Q[u, x] 9?8:

n, s ≥ 1, d, r, t,m ≥ 0.M@ ÛÜÛ ?7 K/EEHN r©�lpm�p ?3 ?8 K2@8/?@7 @2 >/5/=H8H57B
tÝoÝB

d = 0
B 28:H59?7H ®msmvopstr1 4:H5H /5H =/@; ?@8H5UH78?@A >520EH=7 K2@KH5@?@A JMJ7 9:?K: :/GH ?=>258/@8

/>>E?K/8?2@71 {25 Hk/=>EHB ?3
S

?7 / K2@78/@8 ÙÚÙB
-1- �:H8:H5 N2H7

S
:/GH ?@_@?8H @6=0H5 23 5H/E 72E6U8?2@7Þ-1I L3

S
:/7 / _@?8H @6=0H5 23 �N?78?@K8� 5H/E 72E68?2@7B

9:/8 ?7 8:H @6=0H5 /@N :29 82 ?72E/8H 8:H 5H/E 72UE68?2@7Þ
?3

S
?7 / >/5/=H85?K ÙÚÙB

I1- �:/8 ?7 8:H @HKH77/5; /@N 76¯K?H@8 K2@N?8?2@ 2@
8:H >/5/=H8H57 325

S
82 :/GH / >5H7K5?0HN @6=0H523 �N?78?@K8� 5H/E 72E68?2@7Þ

4:H >520EH=7 -1- /@N -1I 9H5H 72EGHN ?@ w|XB�Wy� 9:?EH8:H >520EH= I1-B 8:/8 ?7 KE/77?_K/8?2@ 23 5H/E 52287 23



�����¶ �� ¡¢�¶ £¤�¶ �¥��¦ ß

RJMJ7B 9/7 9HEE 72EGHN ?@ w��y1 ¸¹º»¼½¾¿¾¿ w|�y ?7 /
>/KS/AH 23 >52KHN65H7 82 ?=>EH=H@8 8:H /02GH 8:H25?H7NHGHE2>HN 9?8: P/>EH1 J?@KH P/>EH -OB ¸¹º»¼½¾¿¾¿
:/7 0HH@ ?@8HA5/8HN ?@82 8:H �HA6E/5<:/?@7 >/KS/AH 23
P/>EH1 4:H =/?@ 3H/865H7 23 ¸¹º»¼½¾¿¾¿ ?@KE6NH somul©u«pt©� rumlltàrmpt©� 23 >/5/=H85?K ÙÚÙ7 �?1H1 R520EH=I1-�B /@N somu l©u«pt©� r©«�pt�� m�� tl©umpt�� 23 K2@78/@8
ÙÚÙ7 �?1H1 R520EH= -1I�1

.H8 67 7:29 0; / 7?=>EH Hk/=>EH :29 82 67H 8:H 36@KU8?2@ 23 ¸¹º»¼½¾¿¾¿ ?@ P/>EH -O1 J6>>27H
F = [ax2 + bx + c], N = [ ], P = [ ], H = [ ],

9:H5H x
?7 G/5?/0EH /@N

a, b, c
/5H >/5/=H8H571 �H 9/@8

82 S@29 8:H K2@N?8?2@ 2@
a, b, c 76K: 8:/8 8:H 7;78H=

[F, N, P, H ]
:/7 @2 5H/E 72E68?2@71 L@ P/>EH -OB 9H 8;>H8:H 32EE29?@A K2==/@N71

á âãäå æçèéêëìíîåìãïðñòá âãäå æóìíìôèäíãõö÷ðäèôøùùëðñòá âãäå æöèôãúëéèûíìãõöèäøùùëðñòá ãïüùëèýèëþçèéêëìíîåìãïðÿ ò��òá ç ò� óùë÷ïùôãìëçãïéæþ�� ì� û � õÿñ�á � ò� þì����	û��	õÿ� 
 ò� þ ÿ� ó ò� þ ÿ� � ò� þ ÿ�á ííõ ò� çèìëçùùäîëìððãüãõìäãùï æ�� 
 � ó � � � �� 
� çñ�
4:H _578 8:5HH K2==/@N7 E2/N 8:H >/KS/AH1 ME8:26A:

8:H _@/E 5H76E8 K/@ 0H 5H/N 352=
rrc

B 8:H 32658: K2==/@N
K/@ >52G?NH 72=H >5H88; >5?@8?@A ?@325=/8?2@1 4:H _38:
/@N 7?k8: E?@H7 NH_@H 8:H 7;78H= /@N 8:H E/78 K2==/@N
K2=>68H7 8:H K2@N?8?2@ 9H 9/@81 4:H5H?@B

3
?7 8:H @6=U0H5 23 >/5/=H8H57 /@N

0
?7 8:H >5H7K5?0HN @6=0H5 23 5H/E

72E68?2@71{25 8:H NH8/?E7 23 �H/E�228<E/77?_K/8?2@ /@N �H/EU�228<26@8?@AB >EH/7H 5H3H5 82 8:H K255H7>2@N?@A :HE>>/AH7 ?@ P/>EH -O1

� �jhiÔgijf ÒÎjÎÔifgej ij� jejÐÑgjÎiÔ
Ôij�gjÒ ��jÕfgej �gÖÕehÎÔgjÒ

L@ 8:?7 7HK8?2@B 9H 9?EE 7SH8K: 265 />>52/K: 2@ 5HN6KU8?2@ ?@G/5?/@8 AH@H5/8?2@ /@N @2@E?@H/5 5/@S?@A N?7K2GUH5?@A 82 72EG?@A JMJ71
O1- ­/7?K @28?2@7
{25 265 >65>27HB 9H @HHN 8:H 32EE29?@A 0/7?K @28?2@71{?578B / >52A5/= ?7 5H>5H7H@8HN /7 / E/0HEHN 85/@7?8?2@
7;78H= 9:?K: ?7 / z6?@86>EH 〈V, L, T, `0, Θ〉 B 9:H5H

V
?7 /

7H8 23 >52A5/= G/5?/0EH7B
L

?7 / 7H8 23 E2K/8?2@7B /@N
T

?7/ 7H8 23 85/@7?8?2@71 C/K: 85/@7?8?2@
τ ∈ T

?7 / z6/N56U>EH 〈`1, `2, ρτ , θτ 〉
B 9:H5H

`1
/@N

`2
/5H 8:H >5HU /@N >278UE2K/8?2@7 23 8:H 85/@7?8?2@B 8:H 85/@7?8?2@ 5HE/8?2@

ρτ

?7/ _578U25NH5 325=6E/ 2GH5
V ∪ V ′

B /@N
θτ

?7 / _578U25NH5325=6E/ 2GH5
V

B 9:?K: ?7 8:H A6/5N 23 8:H 85/@7?8?2@1 4:HE2K/8?2@
`0

?7 8:H ?@?8?/E E2K/8?2@B /@N 8:H ?@?8?/E K2@N?8?2@
Θ

?7 / _578U25NH5 325=6E/ 2GH5
V

1

°@E; ?3
θτ

:2EN7B 8:H 85/@7?8?2@ K/@ 8/SH >E/KH1 TH5HB
9H 67H

V ′
�G/5?/0EH7 9?8: >5?=H� 82 NH@28H 8:H @Hk8U78/8HG/5?/0EH71L3 /EE 325=6E/H 23 / 85/@7?8?2@ 7;78H= /5H 352=

CPF (K[x1, . . . , xn])
B 8:H 7;78H= ?7 /E72 K/EEHN lovt�mu�o�smtr psm�ltpt©� lqlpov �JM4J�1 J?=?E/5E;B / 7;78H=?7 K/EEHN ®©uq�©vtmu psm�ltpt©� lqlpov �R4J� �5H7>1 nsmr�pt©�mu psm�ltpt©� lqlpov �{R4J��B ?3 /EE ?87 325=6E/H /5H?@

PF (K[x1, . . . , xn])
�5H7>1

FPF (K[x1, . . . , xn])
�1

M 78/8H ?7 / G/E6/8?2@ 23 8:H G/5?/0EH7 ?@
V

1 4:H 78/8H
7>/KH ?7 NH@28HN 0;

Val(V )
1 �?8:268 K2@367?2@ 9H 9?EE

67H
V

82 NH@28H 028: 8:H G/5?/0EH 7H8 /@N /@ /50?85/5;
78/8H1 4:H 7H=/@8?K7 23 85/@7?8?2@ 7;78H=7 K/@ 0H HkU>E/?@HN 8:526A: 78/8H 85/@7?8?2@7 /7 676/E1

�H NH@28H 8:H 85/@7?8?2@
τ = (l1, l2, ρτ , θτ )

0;
l1

ρτ ,θτ→ l2
B 25 7?=>E; 0;

l1
τ→ l2

1 M 7Hz6H@KH 23 85/@U7?8?2@7
l11

τ1→ l12, . . . , ln1
τn→ ln2

?7 K/EEHN r©v®©lm�uo
?3

li2 = l(i+1)1

325
i = 1, . . . , n − 1

B /@N 95?88H@ /7
l11

τ1→ l12(l21)
τ2→ · · · τn→ ln2

1 M K2=>27/0EH 7Hz6H@KH ?7 /
psm�ltpt©� rtsruo /8

l11
B ?3

l11 = ln2

1 {25 /@; K2=>27/0EH
7Hz6H@KH

l0
τ1→ l1

τ2→ · · · τn→ ln
B ?8 ?7 H/7; 82 7:29 8:/8 8:H5H?7 / 85/@7?8?2@ 23 8:H 325=
l0

τ1;τ2;··· ;τn→ ln
76K: 8:/8 8:H

K2=>27/0EH 7Hz6H@KH ?7 Hz6?G/EH@8 82 8:H 85/@7?8?2@B
9:H5H

τ1; τ2 · · · ; τn

B
ρτ1;τ2;··· ;τn

/@N
θτ1;τ2;··· ;τn

/5H 8:H
K2=>27?8?2@7 23

τ1, τ2, . . . , τn

B
ρτ1

, . . . , ρτn

/@N
θτ1

, . . . , θτn

B
5H7>HK8?GHE;1
�%��(\(#� � �����](��\ �\ � �#$�\(#�� Êop
P = 〈V, L, T , l0, Θ〉 �o m psm�ltpt©� lqlpovÝ �� t��
µmstm�p mp m u©rmpt©�

l ∈ L
tl m n ©sv«um

φ
©µos

V
l«r�p�mp

φ
�©u�l ©� muu lpmpol p�mp rm� �o somr�o� mp u©rmpt©�

l
Ý

�%��(\(#� � �����](��\ #� � �]#�]��� �� /77H5U8?2@ =/> n©s m psm�ltpt©� lqlpov
P = 〈V, L, T , l0, Θ〉 tlm vm® mll©rtmpt�� omr� u©rmpt©� ©n

P
Ätp� m n©sv«umÝ

�� mllospt©� vm®
η

©n
P

tl lmt� p© �o ?@N6K8?GH ẗ p�o
n ©uu©Ät�� r©��tpt©�l �©u� ��(\(�\(#�! Θ(V0) |= η(l0)

Ý
!#�[%$�\(#�! À©s omr� psm�ltpt©�

τ = 〈li, lj , ρτ , θτ 〉"
η(li)(V ) ∧ ρτ (V, V ′) ∧ θτ (V ) |= η(lj)(V

′).�%��(\(#� # �$��%(�� &��$\(#�� �ll«vo
P = 〈V, L, T , l0, Θ〉 tl m psm�ltpt©� lqlpovÝ � sm�É�
t�� n«�rpt©� tl m n«�rpt©�

γ : V al(V ) → R+ l«r� p�mp p�o
n ©uu©Ät�� r©��tpt©�l mso lmptlào� ��(\(�\(#�! Θ(V0) |= γ(V0) ≥ 0 Ý�%$]%�[(��! '�oso o(tlpl

C ∈ R+ l«r� p�mp n ©s m�q
psm�ltpt©� rtsruo

l0
τ1→ l1

τ2→ · · · τ
n−1→ ln−1

τn→ l0
mp

l0 "
ρτ1;τ2;··· ;τn

(V, V
′) ∧ θτ1;τ2;··· ;τn

(V )

|= γ(V ) − γ(V ′) ≥ C ∧ γ(V ′) ≥ 0.

O1I �H@H5/8?@A >2E;@2=?/E ?@G/5?/@87
�?GH@ /@ JM4J

S
B 8:H >52KHN65H 23 AH@H5/8?@A >2E;@2U=?/E ?@G/5?/@87 9?8: 8:H />>52/K: 23 w-Wy ?@KE6NH7 8:H32EE29?@A x 78H>7´
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�* R5HNH_@H / 8H=>E/8H 23 ?@G/5?/@87 /8 H/K: 23 8:H 6@UNH5E?@?@A E2K/8?2@7B 9:?K: ?7 / RJMJ1 MEE 23 8:H7H>5HNH_@HN RJMJ7 325= / >/5/=H85?K ?@G/5?/@8 23 8:H>52A5/=1
�* MKK25N?@A 82 �H_@?8?2@ IB 9H :/GH

Θ |= η(l0)
9:?K:=H/@7 8:/8 H/K: 5H/E 72E68?2@ 23

Θ
=678 7/8?73;

η(l0)
1

L@ 28:H5 925N7B Θ ∧ ¬η(l0)
:/7 @2 K2==2@ 5H/E 72UE68?2@71 4:?7 ?=>E?H7 8:/8 325 H/K: /82=?K >2E;@2U=?/E 325=6E/

φ
?@

η(l0)
B
Θ ∧ ¬φ

:/7 @2 5H/E 72E68?2@71D28H 8:/8
η(l0)

?7 8:H K2@³6@K8?2@ 23 / 7H8 23 /82=?K>2E;@2=?/E 325=6E/H /@N 8:H5H325H Θ ∧ ¬φ
?7 / RJMJ/KK25N?@A 82 8:H NH_@?8?2@1 4:67B />>E;?@A 8:H 822E

�LJ<°VC�C� 82 8:H 5H76E8?@A RJMJ Θ ∧ ¬φ
B 9HAH8 / @HKH77/5; /@N 76¯K?H@8 K2@N?8?2@ 76K: 8:/8

8:H NH5?GHN RJMJ :/7 @2 5H/E 72E68?2@71 4:H K2@N?U8?2@ =/; K2@8/?@ 8:H 2KK655H@KH7 23 72=H >52A5/=
G/5?/0EH71 L@ 8:?7 K/7HB 8:H K2@N?8?2@ 7:26EN :2EN
325 /@; ?@78/@8?/8?2@7 23 8:H7H G/5?/0EH71 4:67B 0;
6@?GH57/EE; z6/@8?3;?@A 8:H7H G/5?/0EH7 �9H 676/EE;/NN / 7K2>H 82 H/K: 23 8:H7H 6@?GH57/EE; z6/@8?_HNG/5?/0EH7 /KK25N?@A 82 8:H >52A5/=� /@N 8:H@ />>E;U?@A +CR<M�B 9H K/@ AH8 / @HKH77/5; /@N 76¯K?H@8
K2@N?8?2@ 2@E; 2@ 8:H >5H76=HN >/5/=H8H571�H>H/8HNE; />>E; 8:H >52KHN65H 82 H/K: /82=?K>2E;@2=?/E 325=6E/ 23 8:H >5HNH_@HN ?@G/5?/@8 /8
l0

/@N 8:H@ K2@³6@K8 /EE 8:H 5H76E8?@A K2@N?8?2@71#* {52= �H_@?8?2@ IB 325 H/K: 85/@7?8?2@
τ = 〈li, lj , ρτ , θτ 〉

B
η(li) ∧ ρτ ∧ θτ |= η(lj), 72

η(li) ∧ ρτ ∧ θτ ∧ ¬η(lj)
:/7 @2 5H/E 72E68?2@7B 9:?K:?=>E?H7 8:/8 325 H/K: /82=?K >2E;@2=?/E 325=6E/

φ?@
η(lj)

B
η(li) ∧ ρτ ∧ θτ ∧ ¬φ -./

:/7 @2 5H/E 72E68?2@1 L8 ?7 KEH/5 8:/8 �I� ?7 / RJMJ1
­; />>E;?@A 8:H 822E �LJ<°VC�C�B 9H 208/?@ /
@HKH77/5; /@N 76¯K?H@8 K2@N?8?2@ 2@ 8:H >/5/=H8H57325 �I� 82 :/GH @2 5H/E 72E68?2@1 J?=?E/5E; 82 J8H> IB
9H =/; @HHN 82 67H z6/@8?_H5 HE?=?@/8?2@ ?@ 25NH582 AH8 / @HKH77/5; /@N 76¯K?H@8 K2@N?8?2@ 2@E; 2@
8:H >5H76=HN >/5/=H8H5710* MKK25N?@A 82 8:H 5H76E87 208/?@HN 352= J8H>7 -B I /@N
OB 9H K/@ AH8 8:H _@/E @HKH77/5; /@N 76¯K?H@8 K2@N?U8?2@ 2@E; 2@ 8:H >/5/=H8H57 23 H/K: 23 8:H ?@G/5?/@8
8H=>E/8H71 L3 8:H K2@N?8?2@ ?7 822 K2=>E?K/8HNB 9H
K/@ 68?E?^H 8:H 36@K8?2@ 23 R<M� 23 �LJ<°VC�C�25 +CR<M� 82 >52GH ?3 25 @28 8:H K2@N?8?2@ ?7 7/8U?7_HN1 L3 ;H7B 8:H 822E K/@ >52N6KH 8:H ?@78/@8?/8?2@723 8:H7H >/5/=H8H571 4:67B 9H K/@ AH8 /@ ?@G/5?/@823 8:H >5HNH8H5=?@HN 325= 0; 5H>E/K?@A 8:H >/5/=UH8H57 9?8: 8:H ?@78/@8?/8?2@7B 5H7>HK8?GHE;1

D28H 8:/8 8:H /02GH >52KHN65H ?7 r©v®uopo ?@ 8:H 7H@7H8:/8 325 /@; A?GH@ >5HNH_@HN >/5/=H85?K ?@G/5?/@8B 8:H>52KHN65H K/@ /E9/;7 >52N6KH 8:H K255H7>2@N?@A K2@UK5H8H ?@G/5?/@8B ?3 ?8 Hk?7871 4:H5H325HB 9H K/@ /E72 K2@UKE6NH 8:/8 265 />>52/K: ?7 /E72 r©v®uopo ?@ 8:H 7H@7H 8:/8

2@KH 8:H A?GH@ >2E;@2=?/E >52A5/= :/7 / >2E;@2=?/E ?@UG/5?/@8B 265 />>52/K: K/@ ?@NHHN _@N ?8 8:H25H8?K/EE;B 0HUK/67H 9H K/@ /776=H >/5/=H85?K ?@G/5?/@87 ?@ >52A5/=
G/5?/0EH7 23 N?�H5H@8 NHA5HH7B /@N 5H>H/8HNE; />>E; 8:H/02GH >52KHN65H 6@8?E 9H 208/?@ / >2E;@2=?/E ?@G/5?/@81

�H 67H 8:H 32EE29?@A Hk/=>EH _578 A?GH@ ?@ w-Wy /@N
5HG?7HN ?@ w|�y 82 ?EE6785/8H 8:H /02GH >52KHN65H1
12��34% � '�o r©�o ©n p�o ®s©�smv tl ©� Àt�Ý5 m�� tpl
r©ssol®©��t�� 6�'6 tl ©� Àt�Ý7Ý

89:;<;= (x, y) := (0, 0);

l0 : >?@A; x ≥ 0 ∧ y ≥ 0 BC
(x, y) := (x + y2, y + 1);;9B >?@A;

&(�*�
P = {

V = {x, y}
L = {l0}
T = {τ} }Ä�oso

τ = 〈l0, l0, x′ − x − y2 = 0∧
y′ − y − 1 = 0, x ≥ 0 ∧ y ≥ 0〉

&(�*�
Àtslpuq" Äo ®so�oà�o m ®msmvopstr t�µmstm�p mp

l0
ml

eq(x, y) = a1y
3 + a2y

2 + a3x − a4y = 0, -D/
ineq(x, y) = b1x + b2y

2 + b3y + b4 > 0 -E/
Ä�oso

a1, a2, a3, a4, b1, b2, b3, b4

mso ®msmvoposlÝ '�oso�n ©so" η(l0) = (3) ∧ (4) Ý6or©��uq" mrr©s�t�� p© L@?8?/8?2@ ©n Foà�tpt©� 7"
Θ |= η(l0)

tl oª«tµmuo�p p© �otp�os ©n p�o n ©uu©Ät�� pÄ©G6�6l �mµt�� somu l©u«pt©�lÝ
x = 0, y = 0, eq(x, y) 6= 0 -H/

x = 0, y = 0, ineq(x, y) ≤ 0 -I/
J�µt©«luq" KLM �ml �© somu l©u«pt©�l ẗ ps«o Ä�tuo KNM�ml �© somu l©u«pt©�l ẗ

b4 > 0.'�ts�uq" r©�lt�os O©�lor«pt©� ÄÝsÝpÝ p�o psm�ltpt©�
τ
ÝPo �mµo

eq(x, y) = 0 ∧ x
′ − x − y

2 = 0 ∧ y
′ − y − 1 = 0

|= eq(x′

, y
′) = 0 ∧ ineq(x′

, y
′) > 0. -Q/

'�tl vom�l p�mp p�o n ©uu©Ät�� pÄ© G6�6l �©p� �mµo �©
somu l©u«pt©�lÝ

eq(x, y) = 0 ∧ x
′ − x − y

2 = 0 ∧ y
′ − y − 1 = 0 ∧
∧eq(x′

, y
′) 6= 0 -R/

ineq(x, y) > 0 ∧ x
′ − x − y

2 = 0 ∧ y
′ − y − 1 = 0 ∧

∧ineq(x′

, y
′) ≤ 0 -S/
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6oppt��
R1 := PolynomialRing([y, x, y′, x′, a1, a2, a3, a4])"�q rmuut��

RealRootClassification([x′ − x − y
2
, y

′ − y − 1, eq(x, y)],

[ ], [ ], [eq(x′

, y
′) ], 4, 0, R1),

Äo ©�pmt� p�mp KUM �ml �© somu l©u«pt©�l tn m�� ©�uq tn

a3y
2 + 3a1y

2 + 2ya2 + 3a1y − a4 + a2 + a1 = 0 ∨ -VW/
a3 = 0. -VV/

À«sp�os �q Xmltr �u�o�smtr '�o©sov" (10)
�©u�l n ©s muu

y
ẗ
−a4 + a2 + a1 = 0 ∧ 3a1 + 2a2 = 0 ∧ a3 + 3a1 = 0, -V./

Ä�tuo (11)
uom�l p© m pstµtmu sol«upÝÀ©s KYM" loppt��

R2 := PolynomialRing([y, x, y′, x′, b1, b2, b3, b4]),

�q rmuut��
RealRootClassification([x′ − x − y

2
, y

′ − y − 1],

[−ineq(x′

, y
′)], [ineq(x, y)], [ ], 4, 0, R2),

Äo ©�pmt� p�mp KYM �ml �© somu l©u«pt©�l ẗ
b4 + b3 + b2 + 2b2y + b3y + b2y

2 + b1x + b1y
2

> 0. -VD/
'�o�" Äo �mµo p© ®osn ©sv ª«m�ptàos outvt�mpt©� ©� K5ZM

«��os p�o ®sovtlo p�mp
x ≥ 0, y ≥ 0, ineq(x, y) > 0 ÝÁoso" Äo «lo F[6OJ\]^]^ t� m r©v®utrmpo� Ämq m���op p�o n ©uu©Ät�� �orollmsq m�� l«Ørto�p r©��tpt©�

b1 > 0 ∧ b4 > 0 ∧ b2 + b3 + b4 > 0 ∧
((b2 ≥ 0 ∧ b2 + b3 ≥ 0) ∨ (b1 + b2 ≥ 0 ∧ 2b2 + b3 ≥ 0) ∨

d1 ≤ 0 ∨ d2 < 0 ∨ (f1 ≤ 0 ∧ f2 ≥ 0)) -VE/
Ä�oso

d1 = −4b1b3 − 4b1b2 + 4b
2
2

d2 = −4b1b2 − 4b1b3 − 4b4b1 + b
2
3 − 4b4b2

f1 = 2b4b
2
1 + 2b4b1b2 − 2b

2
2b1 − 4b1b2b3 − b1b

2
3 + 2b

3
2

f2 = b
4
2 − 2b

2
2b1b4 + b

2
4b

2
1 − 4b4b1b3b2 − b

2
2b

2
3 + 4b

3
2b4

+b1b
3
3 + b1b2b

2
3

'�o ®s©ro�«so tl l© t�µ©uµo�" ml Äo �oo� p© m®®uq p�o p©©u
v«upt®uo ptvol" l© Äo �oso ©vtp p�o �opmtuo� �tlr«llt©�Ý

�rr©s�t�� p© K5_M" tp tl omlq p© loo p�mp
{

−2y3 + 3y2 + 6x − y = 0,

x − y2 + 2y + 1 > 0

m��
{

−2y3 + 3y2 + 6x − y = 0,
4
3
x − y2 + 1

4
y + 3 > 0mso t�µmstm�pl ©n

P
Ý

O1O �?7K2GH5?@A @2@UE?@H/5 5/@S?@A 36@K8?2@7
MKK25N?@A 82 8:H NH_@?8?2@7B / 5/@S?@A 36@K8?2@ K/@ 0H
7HH@ /7 / 7>HK?/E E22> ?@G/5?/@8 23 / E22> /8 8:H H@85;>2?@81 4:H5H325HB 8:H /02GH >52KHN65H 78?EE 925S7 325@2@UE?@H/5 5/@S?@A 36@K8?2@ N?7K2GH5?@A 760³HK8 82 />>52U>5?/8H =2N?_K/8?2@71 �26A:E; 7>H/S?@AB 8:H />>52/K: 2@
N?7K2GH5?@A @2@UE?@H/5 5/@S?@A 36@K8?2@7 ?@ w�y K2=>5?7H78:H 32EE29?@A x 78H>7´
`\%3 � R5HNH8H5=?@H / 8H=>E/8H 23 5/@S?@A 36@K8?2@71`\%3 � MKK25N?@A 82 8:H 026@NHN K2@N?8?2@ 23 5/@SU?@A 36@K8?2@B 9H :/GH

Θ |= γ ≥ 0 9:?K: =H/@7 8:/8
H/K: 5H/E 72E68?2@ 23

Θ
=678 7/8?73;

γ ≥ 0
1 L@ 28:H5

925N7B Θ ∧ γ < 0
:/7 @2 5H/E 72E68?2@1 L8 ?7 H/7; 82

7HH 8:/8
Θ ∧ γ < 0

?7 / RJMJ /KK25N?@A 82 �H_@?U8?2@ -1 4:H5H325HB 0; />>E;?@A �LJ<°VC�C�B 9HAH8 / @HKH77/5; /@N 76¯K?H@8 K2@N?8?2@ 325 8:H NHU5?GHN RJMJ 82 :/GH @2 5H/E 72E68?2@71 4:H K2@N?8?2@
=/; K2@8/?@ 8:H 2KK655H@KH7 23 72=H >52A5/= G/5?U/0EH71 L@ 8:?7 K/7HB 8:H K2@N?8?2@ 7:26EN :2EN 325 /@;?@78/@8?/8?2@7 23 8:H G/5?/0EH71 4:67B 0; ?@852N6K?@A
6@?GH57/E z6/@8?_K/8?2@7 23 8:H7H G/5?/0EH7 �9H 676U/EE; /NN / 7K2>H 82 H/K: 23 8:H G/5?/0EH7 /KK25N?@A
82 N?�H5H@8 7?86/8?2@7� /@N 8:H@ />>E;?@A +CR<M�
25 �LJ<°VC�C�B 9H K/@ AH8 / @HKH77/5; /@N 763U_K?H@8 K2@N?8?2@ ?@ 8H5=7 23 8:H >/5/=H8H57 2@E;1`\%3 # {52= �H_@?8?2@ OB 8:H5H Hk?787 / >27?8?GHK2@78/@8

C
76K: 8:/8 325 /@; 85/@7?8?2@ K?5KEH

l0
τ1→ l1

τ2→ · · · τn→ l0
B

ρτ1;τ2;··· ;τn
∧ θτ1;τ2;··· ;τn

|=γ(V ) − γ(V ′) ≥ C ∧ γ(V ′) ≥ 0, -VH/
Hz6?G/EH@8 82

ρτ1;τ2;··· ;τn
∧ θτ1;τ2;··· ;τn

∧ γ(V ′) < 0, -VI/
ρτ1;τ2;··· ;τn

∧ θτ1;τ2;··· ;τn
∧ γ(V ) − γ(V ′) < C -VQ/

028: :/GH @2 5H/E 72E68?2@71 °0G?267E;B �-�� /@N
�-�� /5H RJMJ7 /KK25N?@A 82 �H_@?8?2@ -1 4:67B 0;/>>E;?@A �LJ<°VC�C�B 9H 208/?@ 72=H K2@N?8?2@72@ 8:H >/5/=H8H571 J607Hz6H@8E;B 7?=?E/5E; 82 J8H>IB 9H =/; @HHN 82 67H +CR<M� 25 �LJ<°VC�C�
82 7?=>E?3; 8:H 5H76E8?@A K2@N?8?2@ ?@ 25NH5 82 AH8/ @HKH77/5; /@N 76¯K?H@8 K2@N?8?2@ ?@ 8H5=7 23 8:H>/5/=H8H57 2@E;1

`\%3 0 MKK25N?@A 82 8:H 5H76E87 208/?@HN 352= J8H>7 -B
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